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Summary. The problem of the electric double layer at the interface of the metal (Al) -vacuum
in the stationary approximation is considered. Detailed analysis of the structure of the
electrical double layer at the metal – vacuum interface allowed us to establish that the
magnitude of the electric field reaches the maximum value on the metal surface. The electron
density at the metal boundary is a weekly varying electron temperature function. However,
the temperature dependence becomes significantly noticeable on the spatial electron density
profile outside the metal. The establishment of electroneutrality in a double electric layer is
accompanied by the appearance of a spatial inhomogeneity of electrons in a thin near-surface
layer of a metal. This inhomogeneity must be taken into account when formulating the
boundary conditions in hydrodynamic models. The calculations also showed that the ion
pressure on the metal surface is zero. But the spatial profile of the ion pressure under the
influence of electric field forces becomes negative. In the case of external influence, the
electric field forces may be too large, and may lead to the destruction of the surface area of
the metal.
1

INTRODUCTION

Atoms and molecules at interfaces (surfaces) exhibit different properties than atoms and
molecules in the bulk of a phase or material, because they are in a different environment. In
this regard, the study of the properties of matter at the interfaces and the phenomena arising
there is a special field of physics and chemistry. This is determined primarily by the fact that
the surface of a solid material is always charged, due to the fact that it is formed by the ions
that make up the solid. The presence of a surface charge leads to the formation of a thin
electrical double layer formed by two spatially separated layers of electric charges of different
signs. There are several mechanisms for the emergence of electrical double layer. Among
them is the formation of the electric double layer at the interface of two phases, for example, a
solid-state electrode and a liquid electrolyte [1], in a gas discharge at the metal – gas [2]
interface, in a plasma of solids [3], and also in a gaseous plasma [4, 5], etc.
In metals, the mechanism of formation of the electric double layer refers to the
mechanisms associated with the transition of ions or electrons from one phase to another
(similar to surface ionization). Thus, at the metal – vacuum or metal – gas interface, the
departure of electrons from the metal surface leads to the formation of an electron cloud from
2010 Mathematics Subject Classification: 74A50, 82D80.
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the gas phase side [6]. As a result, the metal surface acquires a positive charge, and the gas
phase - a negative one. The intensity of the flux of emitted electrons may increase under the
influence of external factors in the form of heat fluxes, radiation fluxes, electrons, ions, etc.
The arising electric potential at the interface prevents further electron release and contributes
to the establishment of equilibrium, in which the positive charge of the metal surface is
compensated for by the negative charge created by the electrons. Ultimately, this leads to the
formation on the surface of a double electric layer, causing various electro-surface phenomena
[7].
The most noticeable surface effects are manifested in the nanoscale materials, where the
surface fraction is very large and can determine the properties of the material as a whole. In a
number of nanotechnologies, pulsed laser action is used to obtain the materials with
physicochemical surface modification [8], nanostructured materials [9], for the generation of
nanoparticles and nanostructures [10].
A special place among them is occupied by pulsed (with ultrashort femto picosecond
duration) laser ablation of metals, which makes it possible to produce nanomaterials with
unique properties used in various technological applications in a controlled environment free
from contamination. Among them, the production of additive materials [11] and biomedicine
[12], where colloidal solutions of nanoparticles provide simultaneously [13] visualization,
therapy and diagnostics, etc. However, the physical mechanisms of ultrashort laser ablation of
metals in gases, liquids and plasma are still unclear. In particular, the effects of strong
nonequilibrium under conditions of non-stationary exposure can contribute to the
development in the near-surface region of the target of strong electric fields directed from the
outside of the metal. Powerful electric fields at the metal-environment interface can contribute
to the emergence of a Coulomb explosion [14], which is one of the important mechanisms for
removing material.
This paper is devoted to a detailed study of the metal – vacuum electric double layer
structure for simpler conditions of stationary approximation.
2 STATEMENT OF THE PROBLEM
According to the quantum mechanical theory of Sommerfeld [15, 16], metal consists of
free collective electrons and heavy positively charged ions that can be considered fixed. The
energy distribution of free electrons obeys the Fermi-Dirac distribution. Under normal
conditions, free electrons are represented as a degenerate electron gas. In the absence of
external fields, the electrons are in a state of thermal equilibrium with their environment
(ions). At the metal – vacuum interface, x=0, the density of positively charged ions changes
abruptly. Electron gas under the influence of electronic pressure is shifted beyond the
positively charged crystal lattice. As a result, the metal surface acquires a positive charge, and
the gas phase becomes negative, which leads to the formation of an electrical double layer,
accompanied by the appearance of a difference in electrical potentials. The electric potential
at the intersection of the electric double layer changes abruptly. However, in general, the
electrical double layer is electrically neutral. The emerging electric potential at the phase
boundary prevents the electrons from further evolving from the metal into the vacuum, which
contributes to the establishment of electrostatic equilibrium, in which the positive charge of
the metal surface is compensated by the negative charge of the electron cloud from the
vacuum side.
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Schematically, the processes in the electric double layer are shown in Fig.1. The change in
color is due to the change in the density of the electronic Fermi gas.
The mathematical formulation of the processes in the electric double layer can be
performed in the form of two problems, interconnected by one common boundary and
conventionally called internal and external. The internal problem corresponds to processes in
the metal with the positive charge ezni of ions uniformly distributed in the volume -∞<x<0
and the negative charge of collective electrons - ene, compensating the positive charge in this
area. The external problem corresponds to the region of the electron cloud with the negative
charge 0<x<∞, adjacent to the metal surface on the vacuum side. At the point x=0, there is an
interface metal - degenerate gas of free electrons, at which the conjugation conditions of the
internal and external problems are formulated.


E

E
Fig. 1. Scheme of the electric double layer at the metal-vacuum interface.

A hydrodynamic model describing the behavior of ions and electrons in a metal, taking
into account the electric field, can be represented as a non-stationary system of equations of
motion for the ionic and electronic subsystems:


(u  u )
[mi ni ui ] [mi ni ui2 ]
P

  i  zeni E x  ei ze 2 ne ni e i
t
x
x
me
 (Ti )
[me neue ] [me neue2 ]
P

(u  u )

  e  ene E x  ei ze 2 ne ni e i
t
x
x
me
 (Ti )

(1)

where mi, me are the masses of the ion and the electron, µei is the reduced mass of the ion and
the electron, ni, ne are their volume concentrations, e is the electron charge, z is the degree of
ionization of the ion (valence of the metal atom), ui, ue are the hydrodynamic velocities, Pi, Pe
are the pressure in subsystems, Ex is the electric field intensity. The third term in the equations
is the friction force between the subsystems, the coefficient 1/σ is the electrical resistivity. In
vacuum 1/σ=0.
The system of equations (1) is greatly simplified when considering the processes in the
stationary approximation, for which the following relations hold: ∂/∂t=0, ue=ui=0.
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Pi
 zeni E x  0
x
P
 e  ene E x  0
x



(2)

The electric field Ex is described by Gaussian law. To determine the magnitude of the
strength Ex, the Poisson equation was used, which for the internal and external problems,
respectively, has the form
E
 0 x  e( zni  ne )    x  0
x
(3)
E
 0 x  ene
0 x
x
ε0 is the dielectric permeability of vacuum.
The spatial distribution of the concentration of ions inside the metal was assumed to be
constant:

  x 0

n ,
ni ( x )   0
0,

(4)

0x

Finally, a mathematical model for a metal – vacuum electric double layer is formulated as

 Pi ( x)
 x  zen0 E x ( x)

 Pe (ne )
 ene E x

 x
 E x
 0 x  e( zn0  ne )


 Pe ( ne )
 x  ene Ex

 Ex  en
0
e
 x

and

  x  0

(5)

0 x

2.1 Boundary conditions
In a metal at a large distance from the surface x=0, the state of matter is electrically
neutral, which makes it possible to use the following relations as boundary conditions

x   :

ne ()  zn0 ,

E x ()  0 ,

Pi      Pe   

(6)

On the metal surface x=0, the functions ne(x) and Ex(x) must be continuous, due to the
absence of a surface charge, i.e. Equality must be fulfilled:
x0:

ne (0)  ne (0 ) ,

E x (0  )  E x ( 0  )

(7)

Finally, for generality, in the external problem we add a constant locking electric field Eext,
which has the same direction as the direction of the self-field of the double layer.
x   :

ne ()  0

E x ()  Eext
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The above relations are intended in the presence of additional sources in the external
problem to assess their influence on the parameters of the electrical double layer.
2.2 Equations of state
Since in this formulation the electric field is related to the pressure of the electron gas, the
mathematical model for the external and internal problems (7) must be supplemented by the
equations of state for the pressure Pe=(ne,Te) and average kinetic energy of electrons <e>.
The pressure, the average energy and the density of electrons can be expressed in terms of
Fermi integrals [17].
Pe   ne ,Te  

2
 ne   e   ,
3

  e  Te

F3/ 2
,
F1/ 2

ne  g0   k BTe 

3/ 2

F1/ 2 (  ) ,

and in calculations we use their approximations [18-19]
1/ 2

F1/ 2 (  ) 

2 1
,
3  3/ 2
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 2  2 2 
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 5/ 2

2

 k T   2 2
Pe ( ne ,Te )  ne F ( ne )  B e     ,
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3

,
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F

,

g0 

21/ 2 m3/ 2

 2 3

2

h2  3ne  3
F 
.
8me   

(9)

SOLUTION ALGORITHM

The joint solution of the internal and external problems (5) allows us to determine the
spatial electron density profiles ne(x), the field strength Ex(x), the pressure of the electrons
Pe(x) and the ions Pi(x), and also the values of the electron density and the electric field on the
metal surface - ne(0), Ex(0).
To this end, the original model (5) for internal and external problems undergoes simple
transformations with following integration, after which the final equations are written to
determine ne(x) and Ex(x).
3.1 Determination of spatial profiles ne(x), Ex(x) in the external problem 0 < x < ∞
In the external problem, the initial system of equations (5)

 Pe ( x )
 x  ene Ex  x 

 Ex  x   en  x 
e
 0 x

,

represented as a ratio
Pe
E x    0 E x2 
  0 Ex
 

x
x x  2 
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from which after integration the function is determined
Pe ( x ) 

 0 E x2 ( x )
2

C ,

where C is the integration constant, the value of which is determined using condition (8):

Pe ( x ) 

0

E ( x ) E 
2
2
x

2
ext

or E x ( x ) 

2 Pe ( x)
2
 Eext
0

(10)

The sign in front of the root is selected according to Fig.1. Substituting the expression
Ex(x) from (10) into the first equation of the original system, we obtain the differential
equation of the first order for the spatial profile ne(x) in the external problem:

Pe ( ne ) ne
2Pe ( ne )
2
 ene
 Eext
ne x
0

(11)

3.2 The determination of the spatial profiles ne(x), Ex(x) in the internal problem
We carry out similar transformations with the mathematical model of the internal problem (5)
 Pi ( x )
 x  zen0 Ex ( x )

 Pe ( x )
 ene E x

 x
 Ex  x 
 e( zn0  ne )
 0
x


 0 Ex

Ex 
zn  P
 1  0  e
x 
ne  x



 E 2  zn P
 
 Pe  0 x   0 e
x 
2  ne x

  x  0

The last equation is integrated in the range from -∞ to x:

Pe ne ( x)  

 0 E x2 ( x)
 E 2 ()
 Pe ne ()   0 x
 I ne ( x)  ,
2
2

where I(ne(x)) - integral that is found after changing the integration variable
x

zn P
I ne ( x)    dx 0 e  zn0
ne x


ne ( x )



zn0

Pe dne
 zn0 F ne ( x)   F ( zn0 ) ,
ne ne

where F(ne) – the corresponding indefinite integral, which for the equation of state (9) is taken
analytically:

F ( ne )  

 P (n )  k B neTe  5 Pe (ne )
Pe (ne ) dne 3
 
 k BTe ln e e
ne ne
4
 Pe (ne )  k B neTe  2 ne

(12)

Taking into account the boundary conditions (6), we obtain the relationship of the electron
density with the electric field strength inside the metal:
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Pe  x  

 0 Ex2 ( x )

Ex ( x ) 

2

 Pe  zn0   zn0  F  ne ( x )  F( zn0 )

2Pe  x 

0



2

0

(13)

Pe  zn0   zn0  F  ne ( x )  F( zn0 ) ,

(14)

Substituting the resulting expression for Ex(x) into the second equation of the original
system, we obtain the differential equation of the first order for the spatial profile ne(x) inside
the metal:

2Pe  x  2
Pe ( x ) ne ( x )
 ene

P  zn   zn0  F  ne ( x )  F( zn0 )
ne
x
0
0 e 0





(15)

3.3 The determination of electron concentration on the metal surface
Expressions (10) and (13) are true everywhere up to the metal-vacuum phase interface
x=0. Therefore

Pe (0) 
Pe  0  



0 2
2
E x (0)  Eext
2
 0 Ex2 ( 0 )
2



 Pe  zn0   zn0  F  ne ( 0 )  F( zn0 )

Consequently, on the surface the equality must hold.
2
 0 Eext
Pe  zn0   zn0 F ne (0)   F ( zn0 ) 
0
2

(1)

From the solution of the transcendental equation (16), the electron concentration ne(0) on
the metal surface can be determined. Then, the obtained value ne(0) is used as the boundary
condition for equations (11) and (15), from the numerical solution of which the distribution ne
(x) in the whole space is determined.
The spatial profiles of the electric field are determined from equations (10), (14).
3.4 The spatial profile of the ion pressure Pi(x)
We obtain the distribution of ionic pressure Pi(x), integrating the first equation from (5):
x

x
Pi
 x dx   zen0 E x dx



with boundary condition Pi ( )   Pe ()

(17)

Note that the integral on the right side is the force (per unit area) acting on ions from the
electric field. From the second equation of system (5) we express, eE x  
substitute:
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x

Pi ( x)  Pi ()   zn0

1 Pe (ne )
dx   I ne ( x) 
x

 ne



Taking into account the boundary condition (6) and expression (13), we obtain:

Pi ( x)   Pe ne ( x)  

 0 E x2 ( x)
2

(18)

Thus, in the depth of the metal, where the system is electrically neutral and the electric field
strength is zero, Pi(-)=-Pe(ne(-))=-Pe(zn0), which is in agreement with condition (6). On
the surface of the metal, due to condition (16),

Pi (0) 

2
 0 Eext
.
2

Considering the integration (17) in the range from -∞ to 0, we obtain
0

 zen0 E x dx 



0

2
Pi
 0 Eext
dx

P
(
0
)

P
(

)

P
(

)

i
i
e
 x
2


So, in the absence of an external field (Eext=0), the total force (per unit area) acting on the
ions from the electric field is exactly equal to the electron pressure in the electrical neutrality
zone.
4

ANALYSIS OF THE RESULTS

Figure 2(a,b) shows the result of the solution for aluminum for two values of electron
temperature - 300 K and 50000 K. The metal border is red dashed line, the electron
concentration is shown in red, the electron pressure in relative units is shown in cyan, the ion
pressure is in blue (18), black is the electric field in V/nm. It should be noted that the spatial
scale of the inhomogeneity at the aluminum surface is 0.3–0.4 nm and very weakly depends
on the electron temperature (Fig. 3). For metals with a lower concentration of free electrons,
the size of the inhomogeneity is somewhat larger, up to several of nm. However, these are
also very small values, of the order of several atomic layers in the crystal lattice.
Limiting cases. Consider the behavior of quantities in the outer region x  0 in the limiting
cases with a zero external field.
2
4.1 The case of low electron temperatures k BTe   F
5

Then the equation of state Pe 

2
ne  F (ne )
5

In this approximation, it is possible to solve the problem analytically:

E x ( x) 

E0
ne (0)
, ne ( x) 
5
1  x a 
1  x a 6
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3
Here ne (0)  zn0  
5

32

, a

12 
2 3 0
, E0 
,    F ( zn0 )
5 ea
e ne (0)

4.2 Case of high electron temperatures k BTe 

2
F
5

In this approximation, the electron gas becomes ideal: Pe  ne k BTe
Analytical solution in this case:

E x ( x) 

zn0
1 2 0 k BTe
2k T
, a
, E0  B e
ea
exp(1)
e ne (0)
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(b) Te = 50000 K
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Fig.2. The result of the numerical calculation of the parameters of the double layer on the surface of
aluminum for two values of the electron temperature.
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Fig.3. The depth of the inhomogenuity at the surface of aluminum, depending on the electron
temperature.

5

CONCLUSIONS

Detailed analysis of the structure of the electric double layer at the metal-vacuum interface,
made in the stationarity approximation, allowed us to establish:
1. At the metal surface, x = 0 the value of the electric field reaches its maximum value
Ex = Emax.
2. The relative electron density at the metal boundary is a weakly varying electron
temperature function. However, the temperature dependence becomes significantly noticeable
on the spatial electron density profile outside the metal. At the low temperature,
kBTe << 2/5εF the electron density profile turned out to be proportional to ne(x) ~ x-6, which
coincides with the results of Ref. [20]. In the case of high electron temperatures,
kBTe >> 2/5εF, at which the degeneracy of the electron gas is removed, the electron density
profile turned out to be noticeably flatter and proportional to ne(x) ~ x-2.
3. The establishment of electroneutrality in a double electric layer is accompanied by the
appearance of a spatial inhomogeneity of electrons in a thin (δ = 0.3–0.4 nm) surface metal
layer. This inhomogeneity must be taken into account when formulating the boundary
conditions in hydrodynamic models, in order to avoid a discontinuous solution near the metal
boundary.
4. As follows from the calculations, the ion pressure on the metal surface is zero,
Pi(0) = 0. But the spatial profile of the ion pressure is not zero, Pi(x) ≠ 0. The compensation
of the positive charge of the metal surface by the negative charge of the electron cloud on the
vacuum side is accompanied by the action of the electric field on the ions. Under the influence
of electric field forces, the spatial profile of ionic pressure acquires negative values, Pi(x) < 0.
In the case of external influence, the electric field forces may be too large, which can lead to
the destruction of the surface area of the metal.
5. The structure of the electric double layer can play an important role in the conditions
of strong nonstationarity and non-equilibrium processes, for example, in studies of the
interaction of fs-laser radiation with metal. At the early stage, the electrons emitted from the

119

V.I. Mazhukin, A.V. Shapranov, A.V. Mazhukin.

surface are still very close to the metal target, and can affect the electron transfer and the
electric field inside the target [21]. In particular, they can contribute to the development of the
large outwardly directed electric field in the surface region of the target. Depending on the
action parameters, the electric field created near the target surface may exceed the Coulomb
explosion threshold under the conditions studied.
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