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1. INTRODUCTION

Let 7, (n) denote multidimentional divisor function, as usual, the number of solutions of
the equation x,-x,...x, =n in positive integer Xx,,x,,...,x, for fix integer n and k. We
suppose 7,(0)=0, 7,(1)=1, 7,(n)=1. For k=2 value of 7,(n)=17(n) is the number of
distinct divisors a positive integer n. In general case of multidimensional divisor function
7, (n) the number k& we call dimension.

In 1907, S. Wigert [1] showed that

maxn<x T(n):exp ln2 lnx _|_O lnxh'llnl?x ’
< Inln x (Inlnx)

hence it follows as a consequence of the existence of an upper limit

Inz(n)lnlnn

limsu In2. (1)

>0 Inn
S. Ramanujan [2] in 1915 gave enough interesting and a simple proof of this relation. Similar
techniques can be generalized for formula (1) for any fixed dimension &k >2 of the divisor
function 7, (n)

Inz,(n)Inlnn

Ink. ()

limsup
>0 Inn

We define

M, where n>2.

fn)=

In2:'Inn

J.L. Nicolas and G. Robin [3] established that the maximum of f(n) is reached at number
n, =2>3-5>711131719, and max f(n) = f(n,) ~1.5379. Also in the article [3] they proved

a sharp inequality
Inn

2

log, 7(n) < C, o

where n>3 and C, =1.5379 —a constant that for n = n, equality holds.

The article [4] gives several interesting majorant estimates of the divisor function with
n=56:
Inn Inn

log, 7(n) < where C, =1.9349;

Inlnn > (Inlnn)*’
Inn Inn Inn
+ >+ G 3
Inlnn  (Inlnn) (Inlnn)
Inn

log, 7(n) < , where C, ~4.7624;

log, 7(n) < where C, =1.39177.

2

Inlnn-C,
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In the article [5] author obtained the maximal order of the ratio of the number of

divisors of "adjacent" binomial coefficients. For integer k>1 and n> H P 4k we
p<k+1
proved the sharp inequality
7(C, T(k+1
T =\ ) < kD 3)
f(¢) 2

and for each integer k£ >1, there is an infinite number » that in (3) equality holds.
In this paper, we investigate the behavior of the upper limit of the divisor function on
the set of natural numbers with increasing dimension. If k =k(n) > o for n— o, then

maximum value (in the sense of the upper limit) of the divisor function 7, (n) differ from

classical upper limit (2) at a sufficiently fast growth of dimension %, and the upper limit is
achieved on the power sequences.

Recall that the behavior of the average value of the divisor function with increasing
dimension is investigated. The paper [6] shows that the main term of the asymptotic formula
for the mean value changes according to which the values of dimension % lie in each of the
intervals

m m+1

(Inx)™" <k < (Inx)"*2,
where m is an integer, 0 <m <3, and x — length of the interval of averaging.

Let p,  be the m-th prime number ( p, =2). We define the sequence of numbers
n, = p;'P,..: D, Then the upper limit of the multidimensional divisor function 7, (n) (in the
sense of the upper limit with a fixed dimension) is achieved on a sequence {n, } . In particular,

7,(n,)=k",from the law of distribution of prime numbers it follows that

m=n(p,)= P +o( P j— Inn, +o( Inn, j, 4)

Inp, Inp, " Inln n, Inlnn,

1nnm = z lnpm :pm + O(pm)'

m<m

We use the well-known expression for the multidimensional divisor function
" a+k-1
Tk (p ) = ’
o

which by multiplicativity easily extended to all positive integers. Always under the symbol p
we mean a prime number. If we record n:p, we always consider some natural number

ap :Vp(n)7 pap ||n'

We use the symbols O and o in their usual sense when n — . It should be noted that
when we use inequalities
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F(n) < G(n)(1+0(1)),
we consider that the parameter n takes quite large values, for which inequality
F(n)<G(n)(1+R(n))

holds, where R(n) —> 0 as n— 0. In all such inequalities function R(n) can be presented
clearly.

2. PRELIMINARIES AND AUXILIARY RESULTS

LEMMA 1. (i) The estimate
(k+a—1j a(k 1)“
<e’| —+—
a a 2

k+a-1 k(a ljk
<e'| —+—
a k 2
holds for a > k .

PROOF. It suffices to prove only one of two points, as

k+a-1) (a+k-1
a k-1
and approval of the items obtained from each other by replacing k& and o .We prove the first
inequality. Transformation of the binomial coefficient is

k+a-1 _k(k+1)-----(k+a—1)_E{Hlj(Hg}m{Ha_—lJ
o - o ol k k k)

Note that for 1<i < % following inequality holds

. . 2
(1+ij(l+a_l)§(l+ﬁj .
k k 2k
k -1 @ “ @ “
ta Sk_ 1_}.1 <e_. k_}.g R
a a! 2k a“ 2

o
. a .
inasmuch as a!> (—J . Lemma is proved.

holds for a <k .
(i1) The estimate

Consequently,

e

For a positive integer n we write @(n) and Q(n) for the number of distinct prime
factors of n and the total number of prime factors of n (including multiplicities), respectively.
We define the functions Q, (n) and @' (n) as follows:
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Qm=>a, o&m=>1

pln pln
a,<k a,>k
LEMMA 2. Let k=k(n)—> o, and _log,k —>0 as n—o. Then the following limit
log, log, n
relation
Q, (n)log, |
hm sup k(n) ng ng n =1
n— 10g2 n
holds.

PROOF. This follows from two statements:

- the upper limit is reached on a sequence {(n,)"}, where n, = p,~-~p, — a product of

m

consecutive primes, p, =2;
- forany n<(n,)" the inequality Q, (n)<Q, ((nm)k) holds.
Indeed, when n=(n,)" we see that Q, (n) = k'm and from (4), we have

1
—log, n
(1+o(l))=—FK
log, log, n—log, k

__log,n,

= 1 1)).
" log, log, n, (1+o0)

Thus, when n=n(m)=(n,)" we get

hm (Qk (I’l)lng 10g2 nj — 1

Lemma is proved.

LEMMA 3. Let k=k(n)—>x, and _log,k —0 as n— . Then the following limit
log, log, n
relation
k . .
lim sup " (n)klog,log, n 1
n—»m 10g2 n
holds.

PROOF. This follows from two statements:
- the upper limit is reached on a sequence {(n, )"}, where n, = p,~-~p, — a product of

consecutive primes, p, =2;
- forany n<(n,)"" the inequality o*(n)<o*((n,)") holds.
The proof is similarly to Lemma 2.
3. PROOFS OF MAIN RESULTS
log, k

THEOREM 1. Let k = k(n) >« and
log, log, n

— 0 as n—> . Then the following equality

holds
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hm Sup 10g2 Tk (n)10g2 logz n —
nse log, k-log, n

PROOF. We show that the upper limit is achieved on a sequence {n,} where n, = p---

the product of consecutive primes, p, =2. We have

m k
log, 7,(n,) = ZIng 1 =mlog, k.
m=1

The expression (4) gives us for n=n(m)=n, the limiting relation

lim| €2 - (”)n ~1.
m—>o0 10g2 k g2
log, log, n

Further it is necessary to show that for n — oo the inequality is satisfied:

log2 n-log, k

log, 7, (n) < (1+0(1)).

log, log, n
We write the divisor function in the form of two pieces:

k+a —1 k+a —1
Tk(l’l)IH( ap JHL 3 J:anz-
pln

P ap
a,>k

We estimate the logarithm of the first product by using Lemma 1:

log, I, < > log, | €™ (§+%J =

pln
a, <k

pln p\n

1 1 1
) Za +Za logz(—+5j (Ing(k+2j+ﬁ]Q (n).

According to Lemma 2 we find that

log nlog, k
log, IT, < —=2—=2 (1+o0(1
2 log, log, n ( o ))

Once again use of Lemma 1 gives us the estimation of the second piece:

k
a, 1 k 1
10g2 HZ S Z 10g2 (ek [TP'FEJ J 1 2 (l’l) + k Z 10g2 (74‘5}

pln pln
a,>k a,>k
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a
Let us denote 7= H p“ and N = Hpﬁ” , where 3, = {7”} +1. Then we get

pln pli
a,>k
k
log, IT, < =7 a)(n)+k210g2(ﬂ +— j Ea)k(n)Jrk-logzr(N),
pIN

a
and 7n< N" <n? inasmuch as a, <kﬂ7”}tlJ<aP+k<2ap. From the relation (1) we

have
log, r(V) <28 V(14 o(1)) < 21087 21°g2
log, log, N
Lemma 3 implies that
1 1
log, 1, =0 Oan—Ong . (7)
log, log, n

So, putting together estimates (6) and (7), we obtain the desired inequality (4).

The theorem is proved.

THEOREM 2. Let k=k(n)—>» and loglzl#_)o when n— . Then the following
0g,

log, klog, n

equality holds

PROOF. First of all, we note that under the conditions of the theorem for any prime divisor
pln inequality &, <k holds. Therefore, to estimate the divisor function, we can simply use

only the second inequality in Lemma 1:

log, 7,(n) < Zap (ﬁ+ log, (§+%]]

pln V4

It is sufficient to prove that
log, 7, (n) < log, k'log, m (1+0(1)).

Indeed, using the obvious inequality Z a, <log, n, we have
pln

Za ‘log, {i+%j <log,(k+1) Za <log, k'log, n' (1 + o(l))

pln P pln

It remains to show that the upper limit specified in the theorem is obtained. For this
purpose we consider the sequence n, =2" . Then we get
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Since

k+m—1 mo ol ;
longk(nm):logz( nn: j:logz%-}—ZIng(l-}-iJZ
L

m

> log,

> mlog, ek —logzm:mlogzk—mlog2m+ﬂ—log2 m.
m! m In2

logZ m _ 10g2 IOgZ nm

— 0 as m — o then
log, k log, k
m
mlog, k—mlog, m+———log, m
li log, 7,(m,,) > lim In2 =1.
moo| m-log, k m—> m-log, k

Taking into account that m =log, n, , we get

4.

fim | 10875, 5
m-| log, k-log, n

The theorem is proved.
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