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Summary. An a priori estimate for the solution of an elliptic boundary value problem in a
domain with an infinite boundary is proved. In this case, a certain regularity of the structure of
the domain in the vicinity of infinity is assumed. Similar estimates are known for solutions of
boundary value problems in bounded and unbounded domains, but with compact boundaries,
as well as in a half-space (the boundary of which is a hyperplane).

1 INTRODUCTION AND MAIN RESULTS
The article considers boundary value problems of the form
{A(x, Nu=f, x€q,
B;(x, a)u|aQ =0, j=0,1, .., m—1,

where A is an elliptic operator of order 2m, Q is a (possibly unbounded) domain in the space
R"™, whose boundary can be either a compact or non-compact smooth (n — 1)-dimensional
manifold.

Under the condition that the operator is elliptic uniformly in x € Q, the covering conditions
are uniform in x € dQ, and the boundary operators are normal, and also under the
requirements that the structure of the domain in a neighborhood of infinity is regular, we
prove (see the theorem) the a priori estimate

I u lgzmey< C{Il £ 1,y )

for any solution u € H2™(Q) of the boundary value problem.

Similar estimates in the scale of Sobolev spaces H* are known for problems in the entire
space, in a half-space, and in (bounded and unbounded) domains with compact boundaries
(see, for example, [1], [2]). The author touched upon this topic in [3]. In this article (unlike
[3]), there are no additional requirements of uniform ellipticity and uniform fulfiliment of the
covering conditions for the (actually auxiliary) operator A + ig?™ with parameter g > 0, and
the formulations and proofs are presented more carefully and with a sufficient degree of
detail.

The work is theoretical in nature and is aimed at studying the properties of solutions to
elliptic boundary value problems in their most general form, namely, in the case of an
arbitrary domain and any order of an elliptic operator. Of course, in its substantive and
innovative part, we are talking here about unbounded domains with an infinite boundary and,
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at the same time, about operators of order higher than the second, although all the results
remain valid both for domains with compact boundaries and for second-order operators.

A priori estimation of the solution is one of the cornerstones in the study of elliptic
boundary value problems. Therefore, it is chosen here as the main object. In this article — and
this was its goal — conditions are formulated on the domain and on the operators of the
problem, under which the proof of the estimate of the solution in the scale of Sobolev spaces
follows a single scenario, regardless of whether the domain is bounded or unbounded, and
regardless of the order of the operator.

Many physical problems that describe unbounded media lead to the need to study
differential equations in domains with non-compact boundaries, for example, the study of
electromagnetic field oscillations outside a conductor, the description of wave diffraction that
occurs when rounding an obstacle or due to medium inhomogeneities, and the study of energy
dissipation. In addition, finding solutions to a problem in an infinite domain often makes it
possible to establish important, fundamental patterns and connections within the physical
process, the mathematical model of which is this problem.

Let us recall the beginnings of any course on the equations of mathematical physics (see,
for example, [7]).

The oscillation equation u;; = a®uy, + f(x,t) describes, for example, small transverse
vibrations of a string (Fig. 1), longitudinal vibrations of rods, strings, springs, electrical
vibrations in wires. During a short period of time, the influence of boundaries (string
attachment points) is still insignificant, and instead of a complete boundary value problem
with boundary and initial conditions, we can consider a kind of “limiting” problem — the
Cauchy problem in an unbounded domain —oo < x < +o0, t > 0 with initial conditions
u(x,0) = @(x) and u;(x,0) = Y (x) specifying the initial deviation and initial velocities,
respectively.

u The function u(x, t) describes
string profile at moment
| u(x,t) time t.
+ W | -
0 X I x

Figure 1. Oscillations of a string

The study of methods for finding solutions to boundary value problems for the equation of
oscillations begins with the study of the Cauchy problem (the equation of oscillations of an
unbounded string) and leads to the remarkable d'Alembert formula. This formula makes it
possible to visually trace the process of oscillations in dynamics and give its physical
interpretation, called the method of superposition of two waves (both waves propagate at a
speed a, one to the right, in the direction of the abscissa axis, and the other to the left).

The heat equation u; = a?u}, + f(x,t) describes, for example, the process of heat
propagation in a homogeneous thin rod (Fig. 2), the diffusion process (gas or dissolved
substance) in a tube. If the influence of the temperature regime on the boundary of the rod can
be neglected (due to the smallness of the time interval and/or the large length of the rod), then
it is assumed that the rod has an infinite length and, thus, we arrive at the Cauchy problem in
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the infinite domain —oco < x < +o0, t >0 with one initial condition u(x,0) = ¢(x)
describing the initial temperature distribution in the rod.

The function u(x, t) is the temperature
at the point (in section) x at time t.

| »

X I x

0

Figure 2. Distribution of heat in the rod

Finding a solution to the Cauchy problem for the heat equation (as a rule, using the method
of separation of variables: u(x,t) = X(x)T(t)) leads to an integral representation of the
desired solution in the form of the so-called Poisson integral. Moreover, in the resulting
formula, one of the factors of the integrand turned out to be so important in the search and
study of the properties of solutions to the equation that it received a special name — the
fundamental solution (or the function of an instantaneous point source). The concept of a
fundamental solution is actively used in the study of partial differential equations of various
types.

The study of steady-state (or stationary) processes of various physical nature (for example,
oscillations, heat conduction, diffusion, and others) leads, as a rule, to equations of the elliptic
type and, accordingly, to elliptic boundary value problems. Examples of such equations are
the Poisson equations Au(x) = f(x) and the Helmholtz equations (A + k?)u(x) = f(x),
where A is the Laplace operator, k > 0.

If we consider elliptic problems in unbounded domains, then it is difficult in the general
case to formulate conditions that ensure the existence and uniqueness of the solution. For
example, the external Dirichlet boundary value problem for the Laplace equation Au(x) = 0
on the plane has a unique solution in the class of bounded functions, and for the unique
solvability of the same problem in the three-dimensional case, one has to impose a stronger
requirement — the uniform tendency of the solution to zero at infinity. In the case of the
Helmholtz operator, the conditions at infinity that ensure the unique solvability of the problem
depend essentially on the configuration of the boundary of the domain. Thus, in the whole
space or in an unbounded domain with a compact boundary, as well as in the exterior of an
infinite cylinder, such conditions are the Sommerfeld radiation conditions in local form (see
[7], [8]); for domains "close to a half-space”, the unique solvability of boundary value
problems in the class of functions with radiation conditions in integral form was proved (see
[9], [10]); for a layer between two parallel planes and for the interior of an infinite cylinder,
the radiation conditions have a form different from the Sommerfeld conditions and are called
partial radiation conditions (see [11], [12]).

Finding conditions at infinity that must be satisfied by a unique and, moreover, interesting
from the point of view of physics solution is not an easy task and requires a certain virtuosity.
There are two more approaches to identifying a unique solution to stationary boundary value
problems — the limiting absorption principle and the limiting amplitude principle (see [7] and
also [2] and references there). However, the substantiation of these principles in a particular
situation is a non-trivial mathematical problem. The scheme of the principle of limiting
absorption in the case of the Helmholtz equation is as follows: consider the auxiliary equation
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(A + k? + i)u(x) = f(x), where £ > 0, whose characteristic polynomial does not vanish;
then they find the limit at € — 0 of the only, for example, in the space L,, solution u, of this
equation, which, according to the plan, should lead to the solution u of the original equation.
Let us return to the boundary value problem, which is the subject of this paper. If we
additionally assume that it is self-adjoint, then it easily follows from the proven a priori

estimate that the operator A with domain D, = {u € H™(Q): Bfulaa =0, 0<j<m-— 1}
is symmetrical and closed. It turns out (this fact is not proved in this paper) that under the
assumptions made, the boundary value problem with the operator A + i instead of A for any
right side f € L,(Q) has, moreover, a unique solution u, in H*™((), which opens up the
possibility to study the question of applying the principle of limiting absorption.

Separately, it should be said about second-order operators. In this case, one can
significantly weaken the restrictions imposed in the general case both on the domain Q and on
the operators A and B;. For example (see [13]), (generated by the Dirichlet boundary value

problem) the elliptic operator A, = ¥ i— Ox, (ak_j(x)axj) + b(x) in L,(Q2), where Q — a
(possibly unbounded) domain with an infinitely smooth boundary, is (under some easy
additional assumptions) self-adjoint on some explicitly presented set D,,, and D,, © H'(().
Thus, for any function f € L,(Q) and any € > 0, the equation (4, + ie)u = f has a unique

solution u, belonging to Dy, , and the estimate ||u, |1 (q) < % £, q) is valid.

In the modern mathematical literature, the volume of work on differential equations is
steadily decreasing. Unfortunately, in the last 5-7 years there have been practically no works
on the study of general elliptic boundary value problems. Basically, everything is limited to
second-order equations, and extremely rarely in unlimited areas with infinite "curvilinear"
boundaries. For example, the article [14] is devoted to the unique solvability of the Neumann—
Tricomi problem for the equation wuy, + yuy, + au = 0 with parameter « in the infinite
domain {(x;y) : x >0, —x?/2 <y < +oo}. In [15], [16], an upper bound and a condition
for the existence of a solution of a second-order quasilinear elliptic equation in an arbitrary
unbounded domain satisfying certain requirements of a geometric nature (the so-called
segment property) were obtained. In [17], the solvability was proved and estimates were
obtained for the solution (in special weighted spaces) of the first boundary value problem for
the second-order singular elliptic equation Au + kuy,/y = f, k > 0, in a plane infinite angle.

2 SOME NOTATION

This article considers elliptic problems in some domains of the Euclidean space R", the
points of which are traditionally denoted by x = (x4, ..., x,). The standard multi-index
notation is used to describe differential operators:

azaxz(a%,...,%), 6“56,‘2‘=(aixl)al-...- (a%)an,

where a is a multi-index, i.e. « = (a, ..., ay), @; = 0, a; are integers, |a| = ¥7_; ;.
The notation of function spaces is generally accepted. Let G be an arbitrary domain in R™.
Cy’(G) and C@"(G) are sets of infinitely differentiable functions with compact support

belonging to G and G, respectively. For s integers that are non-negative, H%(G) denotes the
space of S.L. Sobolev, consisting of all elements D'(G) whose derivatives up to order s
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inclusive belong to L,(G). (Here, traditionally, D'(G) is the space of generalized functions,
and L,(G) is the set of functions whose square modulus is integrable on the domain G.) The
norm in H®(G) is given by the equality

lullfisey = Ziarss 10%ullZ, -

3 REQUIREMENTS FOR A BOUNDARY VALUE PROBLEM

Let Q be a (possibly unbounded) domain in R™, n > 2, whose boundary dQ =T is a
smooth (n — 1)-dimensional manifold. Consider in Q the boundary value problem
Au=f, x€q,
_ ; 1)
Bu| =0, 0<j<m-1,
r

where A = A(x,0) = X|qj<2m @a(¥)9%, B; = Bj(x,0) = Xg1sm, bjp(x)0”.
Here A is an elliptic operator of order 2m, B; is a boundary operator of order m; < 2m —
1, a and g are n-dimensional multi-indices. It is assumed that the coefficients a,, bjp are

functions infinitely differentiable in Q, f € L,(), and the system of operators {Bj};n:_ol is a

normal system on T, that is, the orders of the operators B; are pairwise different and the
boundary T' is not a characteristic surface for any of the boundary operators (the above
terminology is defined, for example, in the monograph [1]).

In addition, the following requirements will be imposed on the domain Q and on the
operators A, B;: (I) boundedness, together with the derivatives of the coefficients of the
operators, (1) regularity of the structure of the domain at infinity, (I11) uniform ellipticity of
the equation, uniform (at points along the boundary of the domain) fulfillment of the
conditions for covering and normality of boundary operators. Requirements (D—(I11) will be
formulated more precisely below.

(1) Assumptions about the coefficients of the operators Aand B;, 0 <j <m— 1.
For x € Q the following estimates hold:
|0fa,| < C when |a| <2m and B, <a, forall v, v=1, ..., n,
|[09bjg| < C for |a|<2m-—-m;, |Bl<m; 0<j<m-1,
where the constant € > 0 does not depend on «, B, j, x (here a = (a4, ..., a,), B =
(B1, ---, Brn) are multi-indices).
(1) Requirements for domain Q.

If the boundary of the domain € is compact, then no conditions are imposed on Q (besides
the above smoothness Q) = T'). Otherwise, some regularity of the structure of the domain in
the vicinity of infinity is required. Namely, the existence of such a covering {U;}, k =
1, 2, 3, ..., of the space R™ by bounded domains is assumed that:

(11.1) each domain U, intersects at most M other domains U; (here M is a fixed number

independent of k);
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(11.2) for each k, the distance from the boundary of the set U ;. U; to the boundary Uy is
positive and greater than some positive number independent of k;

(11.3) in each domain U, intersecting with I', a smooth non-degenerate coordinate
transformation y = y(x) is defined, as a result of which I' N U, becomes an open set in the
hyperplane y,, = 0, and the adjacent part of the domain Q becomes a hemisphere {y €
R™:y, > 0, |y| < 1}, moreover, for x € Uy, the following inequalities hold:

Xyl <C  oyxNI=<C  |a| <2m,

where the constant C > 0 does not depend on k; if U, does not intersect with T', then we set
y = x (identical coordinate transformation).

(I11) Requirements for operators A and B, 0 <j <m— 1.

These requirements are that the equation be elliptic uniformly in x € Q, that the covering
conditions (or, equivalently, the Shapiro—Lopatinskii conditions) be satisfied uniformly with
respect to x € I', and that the boundary operators have the normality property uniformly in
x €T.

This means the following. For x € U, N Q in the new coordinates y, we denote the
symbols of the operators A and B; by A(y,n) and B;(y,n), where n = (§,2), § e R*, z €
R! (the one-dimensional variable z corresponds to differentiation along the direction of the
normal to I'). Further, assigning the index zero at the bottom of the symbol of the operator
means taking the highest homogeneous part with respect to the variable 7.

(111.1) It is assumed that there exists a positive number ¢, such that for all k and any x € Q

[Ag(y, )| = ¢4 >0 when |n|=1.

(111.2) Let x° be a point of the surface U, NT and y° = y(x%). It is required that the
equation
A 0 — n-—1 (2)
o(¥%.¢,2) =0, §eR"NO,
has exactly m complex roots z;" =z (y°,€), 1 <1 < m, in the upper half-plane (Im z} >
0). Let B; be the remainder of the division of Bjo(¥°, ¢, z) (considered as a polynomial in z)
by [T12,(z — z). Then B] = X7 b}, z¥, where bj, depend on y° and ¢ (the degree in z of
the polynomial B; obtained in the remainder must be less than the degree of the divisor, which
is equal to m). It is assumed that there is a positive constant ¢, such that

' m-—1
|det{bjk}j‘k=0| =>c; >0
for |é| = 1andany x° € T.
(I11.3) It is assumed that there is a positive constant c; such that
|Bj0(y°,f,z)| >c3>0

for & =(0,...,0),z=1,anyjandall x° € T.

Remark. The requirement of condition (111.2) on the presence of m complex z-roots with a
positive imaginary part of equation (2) is ensured by condition (I11.1) for n > 3 always, and
also for n = 2 in the case when the coefficients 4, are real numbers.
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4 A PRIORI ESTIMATE

Theorem (a priori estimate). Let conditions (1)-(111) be satisfied. Then for the function u €
H?™(Q), which is a solution to problem (1), we have the estimate

3

I u lyzmey< C{Il £ I, +1 @), @)

where the constant C does not depend on u and the function f € L, (), but depends only on
the “constraint constants” C, ¢4, ¢,, ¢ and the number M from conditions (1)—(I11).

Proof. It follows from properties (1) of the covering {U,} of the space R" that there are
functions ¢, € Cy°(Uy) and Yy, € Cg’ (Uy) satisfying the conditions

a) e @k(x) =1, x € R™,
b) Yr(x) =1, X € supp @y, (4)
c) 0% ()| <C, [0%Y(0)|<C (5)

for all k € N, x € R", |a| < 2m (the constant C does not depend on k). The proof of the
existence of functions ¢, and y; with the indicated properties is given below in the lemma.

Denote by w, A, uk, respectively, the functions u, ¢y, ¥, in the new coordinates y =
y(x) defined in requirements (II) for the domain Q; for the operators A and B; in the new
variables, we retain the old notation. The function A, w, defined initially only on the image of
the map U, and equal to zero in the neighborhood of the image of the boundary aU, N Q of
the map, will be extended by zero to the entire half-space R} = {y € R™: y,, > 0}, retaining
continued function the same notation.

We apply to the function A, w the standard a priori estimate in the half-space R (see, for
example, [1], [4], [5])

” AkW ”HZm(]Rz_l)S

< C {1 AQUW) Nuyapy+ Z56" 1By i) 1,z oy +Hll AW lyqay ), (6)

where the constant C, due to requirements (I)—(111) on the boundary value problem, will not
depend on k. Further, bearing in mind (4), we have

A(ARW) = /1kAW + [A,AR]W = }{kAW + [A, }{k] (‘leW), (7)

where [A4, A;] is the commutator of the operator A and the operator of multiplication by the
function A,. Since the order of the differential operator [A, A,] does not exceed 2m — 1, it
follows from the interpolation inequality, estimates (5) and conditions (I)-(Il1l) on the
boundary value problem that for any § > 0 there exists such a positive number C (&) that

Il [A, Akl Quew) ”LZ(RE)S C Il pew "HZm—l(RQ)S
< C{6 Il wew Nyzmgay+ C(8) Il pew Nl gy} <
< C{6 1 i lyzmey, nay+ C(O) 1w iy, nay} <

= C{S Il ullgzmy, nayt €6 llu "Lz(UkﬂQ)}v (8)
where the constants C do not depend on k.
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The second term from the right side of formula (6) is estimated similarly. Since Bju = 0

on T, this term will be estimated through the last expression in inequalities (8).
What has been said together with (6), (7), (8) leads to the estimate

I pru ”HZm(Uan)S C{” Au ||L2(Ukﬂﬂ)+ 5llu ||H2m(Uan)+ C)llu "Lz(UkﬂQ)}'

where the constant C does not depend on k.
Since each domain Uy is intersected by at most M other domains U; (see requirements (I1)
for the domain (), then

I u llgzmy=Il g @it lgzmqy< X | prut lgzmy, na) <
< C(M + D){Il Au ll, 09+ 8 Il u llgzmegy+ C(8) Il u 0y}

Choosing & so that C(M + 1)6 < 1, we obtain the required estimate (3). The theorem (a
priori estimate) is proved.

Lemma. Let the above requirement (I1.2) be satisfied to cover the space R™ by bounded
domains {U.}, k =1,2,3,... . Then there are functions ¢, € C;°(U,) and ¢, € C5(Uy)
satisfying conditions a)—c) formulated in the proof of the theorem (a priori estimate).

Proof. Let, in accordance with (11.2), for each k, the distance from the boundary of the set
Uy to the boundary of the set U .., U; be greater than some positive number d independent of
k.

By UZ, where § > 0, we denote the §-narrowing of the domain Uy, that is, the set of points
in the domain Uy, the distance from which to the boundary of this domain is greater than §.

From now on, § will only take values from 0 to d (more specifically: %, E, % and ﬂ), SO
UeUZ = R™.

5 5
Through Xys = Xu,f(x) will be denoted the characteristic function of the set U, which is

equal to 1 (one) for x € U2 and 0 (zero) for x ¢ UY.
The main constructive element in creating the desired functions ¢; and y, is the so-called
function-cap (in the terminology of [6])

72

W, = w,(x) = {C:T e TR, x| <71,
0, |x| > T,

defined for any number (parameter) 7 > 0 and argument x € R™. The constant C; is chosen
so that

1
Jpnw:()dx =1 & C;- fmﬂe -l dx = 1.

Then, obviously,
w; € CY(R™), suppw;, ={x€eR™ |x|<7t} w;(x)>0 for [x]<T.

A visual representation of the nature of the functions y = w,(x) is given by their graphs
shown in Fig. 3.
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Y = wq25(x)

|

-0,5-025 ¢ 025 05 X

Figure 3. Graphs of functions y = w.(x)

The construction of the functions ¢, and vy, is based on convolutions of the function-cap
w; and the characteristic functions Xys of the sets U}.

Letforeachk =1, 2, 3, ..
Pr(x) = xysass * @ass = [ X ysas () - ways (x = y) dy.

Due to the properties of the function w,(x) and the definition of the characteristic function
of the set, we have:

P2(x) = fugd/s ways(x —y) dy € C5(R™);
0<@p(x) < [was (x—y) dy = [wqys (2) dz = 1;
P() = Jiyicass Xyras (V) - @ays (x = y) dy =

f|x_y|<d/5 wass(x —y) dy = fwd/s (z) dz=1, x€U\UjzUj,
0, x ¢ U,

whence, in particular, it follows that ¢ (x) € C(Uy).
Let's put now

0
_ ‘Pk(x) —
o) =5t k=123 .

Then obviously

0(X) ECYWUL),  Xioipr(x) =1 for x€R®,  supp ¢, c USY?,

that is, the set of functions {¢; (x)} is a partition of unity into R™, subject to the cover {U,}.
As functions Y, (x), k=1, 2, 3, ..., wetake

Yr(x) = XU;d/S *Wg/5 = fXU;d/S(}’) “wgs (x —y) dy.
In the same way as above for the functions ¢y, (x), we obtain that
Y (x) € Cy(R™), 0 <yYr(x)<1 for x € R,
Y (x) = f|x_y|<d/5 XU;d/s ) wais(x—y)dy =
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d
flx—y|<d/5 wass(x —y) dy = [ways (2) dz=1, x€ Uksz s,

0, x¢U®,

Thus,
Yr(x) € Cy(U,) and Yp(x) =1 for x Esupp,, k=1,2, 3, ..

The uniform boundedness of the derivatives of the functions ¢; and ¥, up to order 2m
inclusive for all natural k and x € R™ follows from their explicit integral representation. The
lemma is proven.

5 CONCLUSION

For a bounded domain and the exterior of a bounded domain — in a word, for (bounded and
unbounded) domains with compact boundaries — a priori estimates for solutions of elliptic
boundary value problems are known.

For example, for the solution u = u(x) of the elliptic boundary value problem

A(x,0)u=f, x€Q; Bj(x,ax)u|m=<pj, 0<j<m-1,

in a bounded domain ( of the space R™ the following estimate holds:

|Iu||H5+2m(Q) < C{ “f”HS(Q) + Z;n=—01 ||¢j||HS+2m_mJ'_1/2(aQ) + ”u”HO(Q) },
where the constant C does not depend on u, s > [ Jnax 1{—Zm +m; +1/2}, and also a
<jsm-—
number of requirements to the boundary value problem are satisfied (for more details, see, for
example, [1], [2]).

When proving an a priori estimate for solving an elliptic problem in the exterior of a
bounded domain, it is additionally required that the variable coefficients of the elliptic
differential operator A(x,d,) stabilize fairly quickly at infinity, and the solution itself is
estimated in the norm of the Sobolev-Slobodetsky space H;(€2) with weight, which is

determined by equality
lullgg ) = |+ x> 772 |

where y is some real number (in estimates, as a rule, y > 1).

In this paper, we consider an elliptic boundary value problem (1) in an infinite domain with
a non-compact boundary. Among such problems, only problems in the half-space R’} have
been well studied (including obtaining a priori estimates for solutions); this is an infinite
domain with an infinite but "rectilinear" boundary (the latter is an (n — 1)-dimensional
hyperplane of the form {x,, = 0}).

In this article, requirements (I)—(I11) to the boundary value problem are formulated, under
which a priori estimate (3) is proved for the solution, which is similar in form to a priori
estimates for solutions to problems in domains with compact boundaries. In this case, the
proof of estimate (3) is based on techniques and methods well developed in the theory of
elliptic boundary value problems.

HS(Q)'
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Among conditions (I)—(111), requirements (I) and (I11) on the operators of the problem are
.- . . m—1
traditional: the operator A is properly elliptic, and the boundary operators {Bj}j=0 are the

normal system and cover the operator A (in this case it is also said that problem (1) satisfies
the coercivity conditions or, equivalently, the Shapiro—Lopatinskii conditions are satisfied).

These requirements are related to the fact that the boundary operators {Bj};n:_ol cannot be set

arbitrarily: there are examples of boundary operators chosen in such a way that the
corresponding homogeneous boundary value problem has an infinite-dimensional kernel. In
the present paper, it is required that conditions (1) and (I11) be satisfied uniformly over the
points of the infinite domain Q and its infinite boundary 91.

Constraints (1) on the domain Q determine the regularity of its structure at infinity, which
makes it possible to obtain an a priori estimate of the solution on the entire domain, “gluing”
it from local estimates.
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