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Summary. We give sufficient conditions for polynomials of special forms to be permutation
polynomials over finite field. More specifically, we construct several explicit classes of
permutation polynomials from these forms over finite fields. We also present from these
polynomials a new family of complete permutation polynomials.

1 INTRODUCTION

Let p be a prime number and let IF, be a finite field with q elements, where g is a power of
p. We know that any finite field IF, is commutative and that its multiplicative group IFg is
cyclic. A polynomial f € FF,[X] is called a permutation polynomial of [, if its associated
polynomial mapping f: x +— f(x) from [F, to itself is a bijection. A polynomial f € [F,[X] is
called a complete permutation polynomial if both polynomials f(X) and f(X)+ X are
permutation polynomials of [F,.

The study of permutation polynomials started with Hermite (1863) [1], for prime fields F,,
and later to Dickson (1897) [2, 3] for general finite fields [F,. Permutation polynomials have
important applications in cryptography, coding theory, combinatorial designs (see [4], [5] and
[6]) and motivation comes from the study of permutation groups [7]. Also other areas of
mathematics and engineering.

The construction of new classes of permutation polynomials is an interesting subject of
study. Indeed we find in the papers of Lidl and Mullen [8, 9] some interesting open problems
and one of them is to find new classes of permutation polynomials of F,. In fact there are
only a few classes of permutation polynomials that are known [10]. In general, it is not easy
to construct them.

In this paper, we have studied two families of composite polynomials over a finite field F,
of the form

X"f (Xq%l) suchthatr € N*, g =1 (mod 4) and f € F,[X].

Throughout this article, we denote (n, m) the greatest common divisor of any two integers n
and m.
e The first family for f(X) = X3 + §X? + 62X + 8% + 1 with § is a fourth root of

unity in [F,, and in this case we have the polynomial X" f (XqT_l) is a permutation of
F,if (r,q—1) =1and (46°+1)"F = 1inF,
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e The second family for g(X) =X3+ X2+ X +y, in this case the polynomial

q-1y . . . . y+3\ &L . .
X"g (X 4 ) is a permutation of F, if (r,q —1) =1 and (171) + =1inTF, And it
is a complete permutation polynomial for special values of r, g and y.

2 MAIN RESULTS
In this paper we prove the following results.

Theorem 2.1 Let [, be a finite field containing g elements, such that g = 1 (mod 4), and let
r be a positive integer, where (r,q — 1) = 1. We have the following results
1. For every § a fourth root of unity in IF, such that (46> + 1) T =1in Fg, the
polynomial

T SXT + 82T 48+ 1)

FOX) = X" (X
is a permutation polynomial of F,.

y+3) q-1

2. Foranyy € F,\{1, —3} such that (E + =1 in[F,, the polynomial

3(g-1)

g(x) =XT(X THXT X +y)

is a permutation polynomial of IF.

Theorem 2.2 Let ¢ = 5*™, (m = 1) and let r be a positive integer, where (r,q — 1) = 1.

Then we have
3(g-1)

1. the polynomial f(X) = X" (X 40X 462K +6%+ 1) is a permutation
polynomial of FF, for all § € Fs\{0, 1}.

3(q—-1)

q-1 q-1
2. the polynomial g(X) = X" (X + +X2 +X4+ + y) IS a permutation polynomial
of F, forall y € Fs\{1, 2}.

Using Theorem 2.1 and Theorem 2.2 we obtain the following two corollaries.

Corollary 2.3 Let p be a prime number, such that p = 1 (mod 4) and p > 7, we set q =
p*™, m = 1. Then the polynomial

3(g-1) q-1 q-1
XT(X 4 +X 2 4+X 4 +2)

is a permutation polynomial of F,.

Corollary 2.4 For every odd positive integer r, the polynomial
f(X) — XT+6 + XT+4+XT'+2 + 2Xr
is a permutation polynomial of F,.
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3 LEMMAS

Before we proceed to the proof of our main results, we present the following elementary
lemmas.

Lemma 3.1 Let p be a prime number, x be a integer, and let m be a positive integer. Then
xP™ = x (mod p).

Proof. According to Fermat's little theorem, we have x? = x (mod p). And by recurrence, we
get xP™ = x (mod p), for all positive integer m.

Lemma 3.2 Let m and x be positive integers. And let p be a prime number, such that p = 1
(mod 4) and p t+ x. Then we have

pm_yq

x + =1 (modp).
Proof. For m > 1, we have
pM-1=@-DA+p+p*+pHA +p* +p°+ - +p*).
Since 1+ p + p? + p3 = 0(mod 4). Then by Fermat's little theorem, we find

am_y

D 1+p+p2+p3
x + =P

4 ) = 1 (mod p).

(1+p4+p8+“,+p4m—4)<

4 PROOFS OF MAIN RESULTS

Proof of theorem 2.1 We prove the first part of the Theorem 2.1. It suffices to prove that the

induced map f is injective on FF,. Suppose that f(a) = f(b) for some elements a and b of
3(g-1) 3(g-1)

F,. If a = 0, then b” (b—q4 +8b'T +62b' T + 8% + 1) ~0. Suppose b # 0, then b~ &~ +
Sb'z +6%b'7 +83+1=0.Putw=b 7, then we have
w3+ 8w +6%w+63+1=0. (4.1)

And we also have w* = b971 =1, it means that w is a fourth root of unity. This is
equivalent to

(w=26)or (w3 +d6w?+8%w+63=0).
If w = &, by equation 4.1, we have 453 + 1 = 0, which contradicts the condition (463 +
1) =1 lfw= &, by equation 4.1, we find that 1 = 0 it is a contradiction (g = 2). Then

q-1 q—-1
b =0 = a. Now we suppose that ab # 0, and we put 8 =a + and w = b +« then 8* =

w* = §* = 1. By symmetry, we have just the following three cases:

Case 1: If 6 = w = 6. From equation f(a) = f(b), we get:

a" (463 4+ 1)= b" (463 + 1), hence (%)r = 1. Then the order I of the element % in the
multiplicative group [Fy divides (r,q — 1), and by the condition (r,q — 1) = 1, we obtain
[ = 1. Therefore a = b.
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Case 2: If 8 = § and w # &. From equation f(a) = f(b), we get: a” (463 + 1)= b", hence
(S) " = 463 + 1. Then we deduce that

=1\ T -t
<bq—_) = (48% + 1) + =1.
a 4

Then we have (3) ™ = ()" = 1, hence the order [ of = in F; divides (r,q — 1), Since w #
6, then | > 2, therefore (r,q — 1) = 2, which contradicts the condition (r,q — 1) = 1.

Case 3: If 8 # § and w # &. We have 63 + 5§02 + §20 + 63 = w3 + Sw? + 6%w + 6 = 0.
By the equation f(a) = f(b), we get: a” = b" hence (%) " =1, we deduce from the
condition (r,q — 1) = 1that a = b. The proof of the first part of the Theorem 2.1 is finished.

To prove the second part of the Theorem 2.1, we follow the same method that we used to

prove the first result. So it suffices to prove that the induced map g is injective on Fg.
3(q-1)

Suppose that g(a) = g(b) for some elements a and b of F,. If a =0, then b" (b + +

-1 -1 3(g-1) q-1 qa-1 q-1
b2 +b+ +y):0.Supposeb¢0,thenb + +bz +b+ +y=0.Putw =>b+,then
wi+tw+w+y=0. 4.2)

And we have w* = 971 = 1, w is a fourty root of unity. This is equivalent to
(w=1Dor(w+w?+w+1=0).

Then by the equation 4.2, we obtain (y =—=3 ) or (y = 1) which contradicts the
hypothesis of the Theorem 2.1. Then b = 0 = a.

1

a— q-1
Now we suppose that ab # 0. We put 8 =a +« and w = b+ then 8* = w* =1. By
symmetry, we get the only following three cases:

Case 1: If 6 = w = 1. By equation g(a) = g(b), we have (y + 3)a” = (y + 3)b", hence
T

(%) = 1. Then the order [ of %in F;, divides (r,q — 1), and by the condition (r,q — 1) = 1,

we find that [ = 1. hence a = b.

Case 2: If 6 =1 and w # 1. From equation g(a) = g(b), we get: (y +3)a” = (y — 1)b",
hence (S) =13 Then we deduce that

= =

4 Y43\ 4

-1 =\ = 1.

(aqu> (y—l)

Then we have w” = 1. Since w # 1, then the order of w = 2, it implies that (r,q — 1) = 2
which contradicts the condition (r,q — 1) = 1.

Case 3: If 6 #1 and w # 1. Then we have 6%+ 602+ 60 = w3 + w? + w = —1. By the
equation g(a) = g(b), we get: (y —1)a” = (y — 1)b" hence (%) " =1, we deduce from the
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condition (r,q — 1) = 1 that a = b. The proof of the theorem 2.1 is complete.
Proof of theorem 2.2
1. Letd € Fs\{0,1},then §* = 1 and §3 # 1. We have

54—m_

(463 + l)q%l =(1-6% = = (1- 53)1+5+52+-~-+5(4m—1)'
By the Lemma 3.1, we have

(1- 63)1+5+52+---+5(4m_1) =(1- 63)47".

Since 1 — &3 is an element of F, then by Fermat's little theorem we have (1 — §3)*™ = 1,

hence we deduce that (463 + 1)‘%1 = 1. Then § satisfies the conditions of the first part of
Theorem 2.1. Therefore the polynomial f(X) is a permutation polynomial of F,,.

2. Lety € Fs\{1, 2}. We show that y satisfies the condition of the second part of
Theorem 2.1. We have

am

-1 —

y+3 o y+3\ ¢ y+3 145452 445 (4
(y—1) - (y—l) - (y—l) '

Since ;—j is an element of Fx, then from the lemma 3.1, we have

y43 1+5+52+~--+5(4m‘1)_ y+3\H
(%) -(5) =1

Thus the polynomial g(X) is a permutation polynomial of IF,. This completes the proof of
the theorem.

Proof of corollary 2.3 By taking § = 1 and g = p*™ in the first part of Theorem 2.1, and
according to the lemma 3.2, we get

p4m_

@8+ )T =577 =1.

3(q—1) q- q-1

1
Then we have the polynomial X" (X + +X2 +X4+ + 2) is a permutation polynomial
of .

Proof of corollary 2.4 We can write

f(X) = XTt6 +Xr+4+Xr+2 + 2XT

3(9-1) 9-1 9-1
=X"(X" 7 +Xz+Xz +2).
Since 7 is an odd positive integer, then (r, 23) = 1. And by taking y = 2 and ¢ = 32 in the
q-1

second part of theorem 2.1, we get (Z—J_’i) * =22 =1 hence we find that the polynomial
f(X) = X"t6 + XTH44X"+2 + 2X7 is a permutation polynomial of Fy.
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5 A NEW FAMILY OF COMPLETE PERMUTATION POLYNOMIALS
For r = 1 and thanks to Theorem 2.2, we extract a new family of complete permutation
polynomials over finite fields. This is formulated in the following theorem.

Theorem 5.1 Let g = p*™, (m = 1). Then the polynomial

1+3(q_1)

FO0) = X5 4 X5 4 x4 3x
is a complete permutation polynomial of F,.

Proof. We have

OO = x5 4 x4 e 43y
= x5+ xF + x5 1 3).
(a-1) - - :
And we have f(X)+X = X(X3 ErxT ex oy 4), thanks to Theorem 2.2 (with

y = 3 and y = 4), we find that both polynomials f(X) and f(X) + X are permutation
polynomials of Fegam. Then we get our desired result.

6 EXAMPLES

In the following we give many interesting permutation and complete permutation
polynomials over some finite fields.

Examples 6.1

a) The polynomials X469 + 3X313 — X157 4 3x, X469 + 2313 — x157 — X and X*6° —

X313 4 X157 are permutation polynomials of Fs, .

b) The polynomial X7 4+ 3X> — X3 + 2X is a permutation polynomial of Fy, and that it
represents the transposition (1 2).

3(134M-1) 134M_1 134m_q

c) The polynomial X" (X +  +X 2 +X & + 2) IS a permutation polynomial of

[F,34m, where (r,13*™ — 1) = 1 with m > 1.
d) The polynomial X*6° + X313 + X157 4+ 3X is a complete permutation polynomial of Fa.

Examples 6.2 Let a be a primitive element of F,o. By putting B = a* we get that g2 =
1. And itis clear that 3 = 1 and § # —3. Sety = % then we have

49-1

L e
'Y—

Therefore we find that the polynomial X7 (X3¢ + X2* + X2 4+ ) is a permutation
polynomial of F,q, where (r, 48) = 1.
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7 CONCLUSION

In this paper, we have introduced and studied the following two classes of polynomials
hX) =X7f (X )and t(X) =X"g (X'T) such that f(X) =X+ 6X? + 82X +6% +
land g(X) = X> + X* + X + y, where & and y belong to finite field IF,. From these classes,
we determine new families of permutation and complete permutation polynomials of [F,.

In the next work, we will try to generalize our results from the present paper, so we will
study the class of composite polynomials over a finite field [F,, of the form

XTf (x"T‘l), such thatr,d € N* (d = 2), q =1 (mod d) and f € F,[X].
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