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Summary. We introduce Mersenne-Lucas hybrid numbers. We give the Binet formula, the
generating function, the sum, the character, the norm and the vector representation of these
numbers. We find some relations among Mersenne-Lucas hybrid numbers, Jacopsthal hybrid
numbers, Jacopsthal-Lucas hybrid numbers and Mersenne hybrid numbers. Then we present
some important identities such as Cassini identities for Mersenne-Lucas hybrid numbers.

1 INTRODUCTION

Number sequences continue to attract the attention of researchers for a long time. Number
sequences, especially Fibonacci sequences, find application in many departments of
mathematics as well as in other branches of science.

Many researchers have studied Fibonacci numbers and new number sequences created by
their generalizations. [1-8].

Koshy [9] written one of the most popular books of Fibonacci and Lucas numbers, and gave
numerous recurrence relations, generalizations and applications of Fibonacci and Lucas
numbers.

Catarino et. al defined the Mersenne sequence and some identities of the the Mersenne
sequence. Later, Saba et.al introduced Mersenne-Lucas nembers and some identity of this sequence.

Later, many researchers studied on hybrid numbers. These researchers developed hybrid
numbers by relating them to other number sequences and created other number sequences. [10-
18].

In this study, Mersenne-Lucas hybrid numbers will be defined by using the hybrid numbers.
A generating function and a Binet formula for the Mersenne-Lucas hybrid numbers will be
found. Furthermore, the sum, the character, the norm and the vector representation of these
numbers will be given. Some relations among Mersenne-Lucas hybrid numbers, Jacopsthal
hybrid numbers, Jacopsthal-Lucas hybrid numbers and Mersenne hybrid numbers wil be
presented.
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Later, we give Cassini identity, Catalan identitiy, Vajda identity, D’ocagne identity and
Honsberger identity for Mersenne-Lucas hybrid numbers.

2 PRELIMINIARIES

Ozdemir introduced the hybrid numbers [13]. The set of hybrid numbers is
K={a+bi+cs+dh:ab,cde€ R} Letbe

Zy =aq + byi +cie+dqh, Z, = ay + byi + ce +dyh

any two hybrid numbers. Then we have the following properties.

o z,=z,9a,=a, by=by, ¢, =c,and d; = d,.

o z,+2z,=(a;+ay)+ (by+by)i+ (c; +c)e+ (dy +dy)h

o z1—27;=(a; —ay) + (by —by)i+ (c; —cx)e+ (dy —dy)h

o k.Zl = ka1 + kbll + kC1€ + kdlh y Where keR.
Some basic properties of hybrid counts are given by the following definition.

Definition 2.1. There are the following definitions where z is any hybrid number such as
z=a+ bi + ce+ dh [13].
e The conjugate of z is
Z=a— bi— ce— dh.

e The character of z is
C(z)=zz=a*+ (b—c)>—c?—d? =a®+ b*—2bc — d>.
e The norm for z has the form
llzll = N(z) = /C(2).

e zisaspacelike, timelike or lightlike if
C(z)< 0,C(z) > 00rC(z) = 0.

respectively.

e The vector representation for z is
V,=(a,b—ccAd).

e The scalar section of z is
S(z) =a.

e The vector section of z is
V(z) =bi + ¢ + dh.

Definition 2.2. The Mersenne numbers {M,},—, are defined by the following recurrence
relations

Mn+1 = ZMn + 1
or
Mny2 = 3Myyq — 2My,
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with My, = 0 and M; = 1 [19].
Definition 2.3. The Binet formula of the Mersenne numbers are defined by the following. [19]

M,=2"-1
Definition 2.4. The Mersenne-Lucas numbers {m,},_, are defined by the following recurrence
my = 3My_q —2My_,

Other definition is given by,

Myyq = 2my — 1
Definition 2.5. The Binet formula for Mersenne- Lucas numbers is defined by [20],
m, =2"+1
Definition 2.6. The sum of the Mersenne- Lucas numbers is given by [20],

n

ka=2”+1+n

k=0
or

n
ka=2mn+n—2
k=0

Definition 2.7. The Jacobsthal numbers {J,},—, are defined by the following recurrence
relation,

Jn+2 = Jns1 + 25

with J,=0andJ; = 1. [9]
Definition 2.8. The Jacobsthal -Lucas numbers {j,, }n=, are given by

Jn+2 = Jn+1 T 2Jn
with jo=2andj, = 1. [9]
Definition 2.9. The Mersenne hybrid number, {MH,, };-, is defined as

MHn = MTl + iMTl+1 + gMn+2 + th+3, n = 0

where M,, is the nth Mersenne number. [18]

Now let's give the preliminary information.

3 MERSENNE-LUCAS HYBRID NUMBERS

Definition 3.1. Let n = 0 be integer, Mersenne-Lucas hybrid numbers {mh,,} forn =0, ...,
is defined as,

mhy = my + iMyyq + EMpyp + hmys 1)
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where, m,, is nth Mersenne-Lucas number.

Let us give a few terms of Mersenne-Lucas hybrid numbers in Table 1.

n mh,,

0 2+ 3i+5s+9h

1 3+5i4+9+17h
2 5+ 9i+17¢+ 33h
3 9+ 17i+ 33e+ 65h

Table 1: Same values of Mersenne-Lucas hybrid numbers

Theorem 3.2. The Binet formula for {mh,},_, is defined as,
mh, =2"(1+2i+4+8h)+(1+i+e+h),n = 0.
Proof. From (1) and the Binet formula for Mersenne-Lucas numbers, we have
mhy, = 2"+ 1+ 2" + 1) + (2" + 1) + h(2™*3 + 1)
=2"(14+2i+4e+8h)+(1+i+e+h)
Thus, the proof is complete. i

Lemma 3.3. Let n > 0 be integer, the recurrance relation of Mersenne-Lucas hybrid numbers
{mh,}n, is given as,

mh,,,, = 3mh,,, — 2mh,
Proof. From (1), we obtain
Mhpyy = Mpyp + iMyyz + EMp g + Amys
= (3mn+1 - zmn) + i(gmn+2 - 27nn+1) + g(3mn+3 - 2Tnn+2) + h(3My4q — 2Mypy3)
= 3(Mpy1 + iMpyp + eMpys + hmpyy) — 2(my + imyyy + €My, + hmyys)

= 3mh, 1 — 2mh,
Thus, the desired is obtained. O

Theorem 3.4. The generating function for {mh, };—, is given as follows,

G(t)_i p gn _ 230+ 56+ 9h— (3 +4i + 6c + 10h)
- Om” - (1— 3t + 2t2)
n=
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Proof. We have
G(t) = mhy + mhyt + mhyt? + - + mht™ + - )
Let us multiply Equation (2) by —3¢, 2t respectively. So, the following equations are obtained.
G(t) = mhy + mhyt + mhyt* + -+ + mhyt™ + -
—3tG(t) = —3tmhy — 3t?mh, — 3t3mh, — --- — 3t"*tmh, — -
2t2G(t) = 2t>mhy + 2t3mh, + 2t*mh, + - + 2t"2mh, + -

If we take the necessary calculations to take advantage of the recurrence relation, we obtain the
following equations

G(t)(1 — 3t + 2t?) = mhy + mhyt — 3tmh,
2+3i+5e+9h+t(3+5i+9¢e+17h) — 3t(2 + 3i + 5¢ + 9h)

G(t) =

(1 -3t + 2t?)
(0 =2+3i+5<~z+9h—t(3+4i+6<~3+10h)
(1 -3t + 2t?)
In this case, the desired formula is obtained. o

Theorem 3.5. Let S(t) be sum of {mh,}5-,. Then we have,
(o) =thk = 2mh, +n—2+i(n—3) +e(n—5)+hn—9)
k=0

Proof. We have,

S(t) = mhy + mhy + mhy, + -+ mh,
From (2.1), we have

S(t) =mgy+imy + emy + hmz + my + im, + emz + hmy + -+ my,
Fimyyq + EMpyp + hmys
=(mo+my+--+my) +ilmg + - +myyq)
+e(my + - +Mpy2) + h(mz + -+ Myy3)
From the sum of Mersenne numbers, we get the following
=(C2my+n-2)+i(Cmy +n—-1-2)+e@myip +n—2-3)
+h(Zmyz3 +n+1—-2-3-5)

=2(my +imyyq +emp, +hmy ) +n—-2+in—-3)+en—-5+h(n—-9)
=2mh,+n—-2+i(n—3)+e(n—-5)+h(n—-9)
Thus, proof is complete. O

Theorem 3.6. The character of {mh,}o—, is
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C(mh,) = —35m?, — 54m?,,, + 88m,m,,;, n = 0
where m,, is the nth Mersenne-Lucas number.
Proof. From definition character of hybrid numbers, we get
C(mhy) = mhymh, = (M, + iMpyq + EMpyy + hMyyz) (My — iMpyq
—EMpy2 — hmn+3 )
=m?p + Mg — 2Mp My — M2 45
Using reccurance relation of Mersenne numbers are the following,
Myt = 3Mpyq — 2My
and
Mpy3 = 3Mpip — 2Mpyq
= 3(8mpy1 — 2my) — 2myyy
= TMyyq — 6My
Then, we have,
C(mhy) = m?, + m?, 41 — 2mp 1 (3Mpyq — 2my) — (7Tmp4q — 6mn)2
=m?, + m?,,, — 6m?,,, + 4m, ., m, — 49m?,,, + 84m, ., m, — 36m?,
= —35m?,, — 54m?,,, + 88m,, m,
Thus, the proof is complete. o

Theorem 3.7. For any n = 0, Mersenne-Lucas hybrid number is spacelike.

Proof. From the definitions of Character and Binet formula of Mersenne-Lucas numbers, we
obtain that,

C(mh,) = —35m?, — 54m?,,, + 88m,,;m,
= —-35(2" + 1)? — 542" + 1)2 + 88(2"*"1 + 1)(2" + 1)
= —75.22" —22.2" -1
Since C(mh,) < 0 forany n > 0, Mersenne-Lucas hybrid number is spacelike. i

Theorem 3.8. The vector representation of Mersenne-Lucas Hybrid numbers provide the
following identities.

Vi, = 3Vimnsy = 2Vim

hnt1 hn+2

Proof. By using definition the vector representation of Mersenne in Definition 1.1., we get

3V .. — 2V

hn+1 hTL+2

= (3Mypy1,3Mpi2 — 3Myy3, 3Myya, 3Myys) — (2Mpgg, 2Mpyz — 2My g4, 2My 5, 2Myg6)
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= (BMpy1 = 2Mypy2, 3Mpy2 — 2Mpy3 — 3Myyz — 2Myyg, 3Myyg — 2Myyy5, 3Mpyys

_zmn+6)

From the reccurence relation of Mersenne numbers,

= (mn' Myt1 — Myt Mpy3, mn+4)

Thus,

thn = (mw Mpt1 — mn+2'mn+3rmn+4) = 3thn+1 - Zthn+2

is obtained. O

Definition 3.9. Let N(mh,,) be norm of the Mersenne-Lucas hybrid numbers. Then we have,

N(mh,) = \/C(mh,) = \/—35m2,, — 54m2,,,, + 88m, . m, .
Theorem 3.10. We have the following properties,
iymh, + mh,,; =3.2"(1+2i+4e+8h)+2(1+i+e+h)
iiymhy,y; =2mh, —(1+i+e+h)
Proof. From (2.1), we have
i) mh, + mhy, 4
= (My + iMpyq + eMpyg + hMyyz) + (Mpgg + iMpyy + EMpyz + hmpyy)
=2"+1+i(2"1+ 1)+ 22+ 1)+ h(2"3 + 1)
+2™MT + 1) +i(2M2 + 1) + (23 + 1) + (2™ + 1)
=32"(1+2i+4s+8h)+2(1+i+e+h)
So, the proof is complete.
D) Mhyyq = Mpypq + iMpyp + EMpyz + AMgyy
From reccurance relation of Mersenne-Lucas number, we have
=2m, —1+iC2my; — 1) +e(@myy, — 1) + h(2my 53— 1)
=2(m, +imy +emyy +hmy3) —(1+i+e+h)
=2mh,—(1+i+e+h)
Thus, the proof is complete. m
Lemma 3.11. We have the following relations

. _ 3. if nis even
D) mn = {3]n +2,  ifnisodd

.. | Jn if nis even
i) mn = {jn + 2, if nis odd

23



Engin Ozkan and Mine Uysal.

Proof. The proof is easily shown by induction over n. o

Theorem 3.12. By the following identities between Mersenne-Lucas hybrid number, Jacobshtal
hyrid numbers and Jacobshtal-Lucas hyrid numbers are provided.

i) mh, + mhy,,; =3(JH, +JHps1) +2(1+i+ €+ h)
i) mhy, + mhy, ., = jH, + jHy4q1 + 2 + 3i + 56 + 5h
Proof. i) Let’s n is even. From Lemma 2.2., we obtain
mh, = my, +imy,q + My, + himy,s
=3, +i(3Jp41 + 2) + €(3Jn+2) + h(3Jn43 + 2)
=3J, +i3]ps1 + €3Jpsn + h3Jpes + 20 + 2i
=3(n + Uns1 + €ngz T hings) + 2R + 20
From the definition of Jacobshtal hyrid numbers, we have
mh, = 3JH, + 2h + 2i
Mhpyy = Mpgq +iMyyp + EMpyz + hmpyy
= BJn+1 +2) +iBJn+2) + €BJnsz +2) + h(3Jn+a)
=3Uns1 t Unsz + Enys + Wnga) + 2+ 2¢
From the definition of Jacobshtal hybrid numbers, we get
=3JHpq + 2+ 2¢
So, we obtain the following equation,
mhy, + Mhy 41 = 3JH, + 2h + 2i + 3J/Hp4q + 2 + 2¢
=3(H, +JHp) +2(1+ i+ e+ h)
Similarly, it is shown in the state of the n.

ii) Let’sniseven. From Lemma 2.2, we get

mh, =my, +imy, 1 +emy,, + himy,;
= (n +2) +i(n+1) + €(ns+2 + 2) + h(jns3)
=Jjnt Jns1 + Ensz t Wngs +2+ 1+ 2 +3h
From the definition of Jacobshtal-Lucas hybrid numbers, we have

mhyq = .Tnn+1 + l:m:n+2 temyy; + hmy, 4 .
=Jn+1 + +L(]n+2 + 2) + 5(]n+3) + h(]n+4 + 2)
= Jn+1 t Unsz + Enez + Rjnpa + 20 + 36 + 2h
= jHy41 + 20+ 3+ 2h
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So, we get

mh, + mh,,, =jH, + 2+ i+ 2+ 3h+ jH, ;1 + 2i+ 3¢+ 2h
= jH, + jHps1 + 2+ 3i + 56 + 5h

Similarly, it is shown in the state of the n.
Thus the proof is complete. o

Theorem 3.13. There is a relationship between Mersenne-Lucas hybrid numbers and Mersenne
hyrid numbers

mh,, = 2MH,,,, — 3MH,,
Proof. Let's use the Binet formula for the right hand side of the equation. Then we get

2MH, ., —3MH, =22""Y(1+2i+4s+8h)—2(1+i+c+h)
—3.2"(1+2i+4s+8h)+3(1+i+e+h)

=2"(1+2i+4¢+8h)+(1+i+e+h)=mh,
Thus,
mh, = 2MH,,,, — 3MH,,
is obtained. O
Theorem 3.14. For n > 0, the following equations are provided

] _( 3Jn ifniseven
D) S(mhn) = {3]n +2, if nisodd

.. A Jn if nis even
i) S(mhn) = {jn +2,  ifnisodd

where S(mh,,) are the scalar parts of Mersenne-Lucas humbers.
Proof. i). By using the definition of the scalar parts of Mersenne in Definition 1.1., we have
S(mhy,) =m,
From Lemma 2.2., if n is even then we get
S(mhy,) = my, = 3],
If n is odd, then we have
S(mh,) =m, =3J,+2

ii). From the definition of the scalar parts of Mersenne, we get
S(mhy,) =m,

From Lemma 2.2., if n is even, then we get

S(mhy,) =m, =j,
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If n is odd, then we have
S(mhy) =my, =j, +2
Thus, the proof is obtained. m

We will now give some important identities regarding the Mersenne-Lucas hybrid numbers.

Theorem 3.15. Cassini identity of Mersenne-Lucas hybrid numbers for n > 0 as follows:
mh,_ymhy,,, —mh?, = 2" 1(13 + 21i + 11¢ + 3h)
Proof. For proof, let's write the left side of the equality by using the binet formula, we get
Mh(-1yMhns1) — mh?,
=211 4+2i+4e+8n)(A+i+e+h)+2™ (A +i+e+h)(1+2i+4e+8h)
—2"(14+2i+4c+8W)(1+i+e+h)—2"(1+i+e+h)(1+2i+4e+8h)

=2"1(13 —3i+ 3¢ + 11h) + 2"*1(13 + 9i + 7¢ + 7h) — 2"(13 — 3i + 3¢ + 11h)
—2"(13 + 9i + 7¢ + 7h)

= —-2""1(13 - 3i+3e+11h) + 2"(13 + 9i + 7¢ + 7h)
= 2""1(13 + 21i + 11& + 3h)
Thus the proof is obtained. o

Theorem 3.16. Catalan identity of Mersenne-Lucas hybrid numbers for n,r > 0 as follows:
mh,_,mh,,, —mh?, = 2"7(1 — 2")(13 — 3i + 3¢ + 11h
—27(13 + 9i + 7¢ + 7h))

Proof.
mhn—rmhn+r - mhzn
=2"T(A+2i+4e+80)(A+i+e+h)+2"" (1 +i+e+h)(1+2i+4e+8h)

—2M(1+2i4+4c+8h)(1+i+e+h)—2"(1+i+e+h)(1+2i+4e+8h)

= 2"T(13 — 3i + 3¢ + 11h) + 2"+ (13 + 9i + 7 + 7h) — 2"(13 — 3i + 3¢ + 11h)
—2"(13 + 9i + 7¢ + 7h)

=2""T(13 — 3i + 3e + 11h)(1 — 2") + 2" (13 + 9i + 7¢ + 7h) (2" — 1)
=2"T(1 = 2")[13 — 3i + 3¢ + 11h — 2" (13 + 9i + 7¢ + 7h)]

Thus the proof is obtained. o

If we write r = 1, then we get the Cassini identity.

Theorem 3.17. Vajda identity of Mersenne-Lucas hybrid numbers for n,m,r = 0 as follows:

Mmhyymhy e — Mhymhg gk
= 22"T(2" —1)[(13 — 3i + 3e + 11h — 2X(13 + 9i + 7 + 7h)]
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Proof. For proof, let's write the left side of the equality by using the Binet formula, we get

mhn+rmhn+k - mhnmhn+r+k

= 2™7T(13 —3i + 3¢ + 11h) + 2""*(13 + 9i + 7¢ + 7h) — 2"(13 — 3i + 3¢ + 11h)
—2MT*k(13 4+ 9i + 72 + 7h)

=2"(13 - 3i+3e+ 11h)(2" — 1) — 2% (13 + 9i + 7e + 7Th)(2" — 1)
=2"(2" = 1)((13 — 3i + 3¢ + 11h) — 2X(13 + 9i + 7¢ + 7h))
Thus, the desired expression is obtained. i

Theorem 3.18. D’ocagne identity of Mersenne-Lucas hybrid numbers for n,m > 0 as
follows:

mh,mh,,; — mhymh,,,; = 2" (13 + 2i + 11¢ + 3h)
Proof. For proof, let's write the left side of the equality by using the Binet formula,then we get

mhmmhn+1 _mhnmhm+1
=21 +2i+4e+8h)+(1+i+e+h)][2"(1+2i+4e+8h)+(1+i+¢e+h)]
—[2"(1 + 2i +4e+8h) + (1 + i+ &+ h)][2™*1(1 + 2i + 4 + 8h)

=2™(13 —3i + 3+ 11h) + 2"*1(13 + 9i + 7¢ + 7h) — 2"(13 — 3i + 3¢ + 11h)
—2M*1(13 + 9i + 7¢ + 7h)

=(13-3i+3c+11R)(2™ — 2™) + (13 + 9i + 7 + 7h)(2"*1 — 2m+1)
=2""™(13 + 2i + 11¢ + 3h)

Thus, the proof is obtained. o

Theorem 3.19. Honsberger identity of Mersenne-Lucas hybrid numbers for n,m > 0 as
follows:

mh,mh,, + mhy, . mh,, 1 = (2"™385 + 2"39 + 2™39 + 6)
+(2™™M20 — 2™9 4+ 2M27 + 4)i + (240 + 2"9 4+ 2™21 + 4)¢
+(2"*™M80 + 2"33 + 2™m21 + 4)h
Proof. For proof, let's write the left side of the equality by using the Binet formula, then we get

mh, mh,, + mh, ;mh,, 1
=2"1+2i+4e+8h)+ (A +i+e+h)][2™(1 + 2i+ 4+ 8h)

+(1+i+e+h)]+ 2" (1 +2i+4e+8R)+ (1 +i+e+h)]
[2"*1(1+2i+4e+8h)+ (1 +i+ e+ h)]

= (2™™M5(77 + 4i + 8¢ + 16h)) + 2"3(13 — 3i + 3¢ + 11h)
+2M3(13 + 9i + 7 + 7h) + (6 + 4i + 4¢ + 4h)

= (2"*™M385 + 239 + 2™39 + 6) + (2120 — 219 4 2™M27 + 4)i
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+(2™™M40 + 2"9 4+ 221 + 4)e + (2™T™80 + 233 + 221 + 4)h
Thus, the proof is obtained.

4 CONCLUSIONS

We presented Mersenne-Lucas hybrid numbers. We have given the Binet formula, the
generating function, the character and the norm for Mersenne-Lucas hybrid numbers. Also, we
have given relations among these numbers. Then we have obtained Cassini identity, Catalan
identity, Vajda identity and D’ocagne identity for Mersenne-Lucas hybrid numbers.
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