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Summary. We introduce Mersenne-Lucas hybrid numbers. We give the Binet formula, the 

generating function, the sum, the character, the norm and the vector representation of these 

numbers. We find some relations among Mersenne-Lucas hybrid numbers, Jacopsthal hybrid 

numbers, Jacopsthal-Lucas hybrid numbers and Mersenne hybrid numbers. Then we present 

some important identities such as Cassini identities for Mersenne-Lucas hybrid numbers.  

1 INTRODUCTION 

Number sequences continue to attract the attention of researchers for a long time. Number 

sequences, especially Fibonacci sequences, find application in many departments of 

mathematics as well as in other branches of science.  

Many researchers have studied Fibonacci numbers and new number sequences created by 

their generalizations. [1-8]. 

Koshy [9] written one of the most popular books of Fibonacci and Lucas numbers, and gave 

numerous recurrence relations, generalizations and applications of Fibonacci and Lucas 

numbers. 
Catarino et. al defined the Mersenne sequence and some identities of the the Mersenne 

sequence. Later, Saba et.al introduced Mersenne-Lucas nembers and some identity of this sequence. 

 Later, many researchers studied on hybrid numbers. These researchers developed hybrid 

numbers by relating them to other number sequences and created other number sequences. [10-

18]. 

In this study, Mersenne-Lucas hybrid numbers will be defined by using the hybrid numbers. 

A generating function and a Binet formula for the Mersenne-Lucas hybrid numbers will be 

found. Furthermore, the sum, the character, the norm and the vector representation of these 

numbers will be given. Some relations among Mersenne-Lucas hybrid numbers, Jacopsthal 

hybrid numbers, Jacopsthal-Lucas hybrid numbers and Mersenne hybrid numbers wil be 

presented.  

DOI:10.20948/mathmontis-2021-52-2

17

http://doi.org/10.20948/mathmontis-2021-52-2


Engin Özkan and Mine Uysal. 

Later, we give Cassini identity, Catalan identitiy, Vajda identity, D’ocagne identity and 

Honsberger identity for Mersenne-Lucas hybrid numbers.  

2 PRELIMINIARIES 

Özdemir introduced the hybrid numbers [13]. The set of hybrid numbers is 

𝐾 = {𝑎 + 𝑏𝑖 + 𝑐𝜀 + 𝑑ℎ ∶ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ}. Let be 

𝑧1 = 𝑎1 + 𝑏1𝑖 + 𝑐1𝜀 + 𝑑1ℎ, 𝑧2 = 𝑎2 + 𝑏2𝑖 + 𝑐2𝜀 + 𝑑2ℎ 

any two hybrid numbers. Then we have the following properties. 

• 𝑧1 = 𝑧2 ⇔ 𝑎1 = 𝑎2,  𝑏1 = 𝑏2, 𝑐1 = 𝑐2 and 𝑑1 = 𝑑2.

• 𝑧1 + 𝑧2 = (𝑎1 + 𝑎2) + (𝑏1 + 𝑏2)𝑖 + (𝑐1 + 𝑐2)𝜀 + (𝑑1 + 𝑑2)ℎ

• 𝑧1 − 𝑧2 = (𝑎1 − 𝑎2) + (𝑏1 − 𝑏2)𝑖 + (𝑐1 − 𝑐2)𝜀 + (𝑑1 − 𝑑2)ℎ

• 𝑘. 𝑧1 = 𝑘𝑎1 + 𝑘𝑏1𝑖 + 𝑘𝑐1𝜀 + 𝑘𝑑1ℎ , where 𝑘 ∈ ℝ .

Some basic properties of hybrid counts are given by the following definition. 

Definition 2.1. There are the following definitions where 𝑧 is any hybrid number such as 

 𝑧 = 𝑎 +  𝑏𝑖 +  𝑐 𝜀 +  𝑑ℎ  [13]. 

• The conjugate of 𝑧 is

𝑧̅ = 𝑎 −  𝑏𝑖 −  𝑐𝜀 −  𝑑ℎ. 

• The character of 𝑧 is

𝐶(𝑧) = 𝑧𝑧̅ = 𝑎2 + (𝑏 − 𝑐)2 − 𝑐2 − 𝑑2 = 𝑎2 + 𝑏2 − 2𝑏𝑐 − 𝑑2. 

• The norm for 𝑧 has the form

‖𝑧‖ = 𝑁(𝑧) = √𝐶(𝑧). 

• 𝑧 is a spacelike, timelike or lightlike if

𝐶(𝑧) <  0, 𝐶(𝑧)  >  0 or 𝐶(𝑧)  =  0. 

respectively. 

• The vector representation for 𝑧 is

𝑉𝑧 = (𝑎, 𝑏 − 𝑐, 𝑐, 𝑑). 

• The scalar section of 𝑧 is

𝑆(𝑧) = 𝑎. 

• The vector section of 𝑧 is

𝑉(𝑧) = 𝑏𝑖 +  𝑐 +  𝑑ℎ. 

Definition 2.2. The Mersenne numbers {𝑀𝑛}𝑛=0
∞ are defined by the following recurrence 

relations 

𝑀𝒏+𝟏 = 2𝑀𝑛 + 1 

or 

𝑀𝒏+𝟐 = 3𝑀𝑛+1 − 2𝑀𝑛 
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with 𝑀0 = 0  and 𝑀1 = 1 [19]. 

Definition 2.3. The Binet formula of the Mersenne numbers are defined by the following. [19] 

𝑀𝑛 = 2𝑛 − 1

Definition 2.4. The Mersenne-Lucas numbers {𝑚𝑛}𝑛=0
∞  are defined by the following recurrence

𝑚𝒏 = 3𝑚𝑛−1 − 2𝑚𝑛−2 

with  𝑚0 = 2  and 𝑚1 = 3.[11] 

Other definition is given by, 

𝑚𝒏+𝟏 = 2𝑚𝑛 − 1 

Definition 2.5. The Binet formula for Mersenne- Lucas numbers is defined by [20], 

𝑚𝑛 = 2𝑛 + 1

Definition 2.6. The sum of the Mersenne- Lucas numbers is given by [20], 

∑ 𝑚𝑘 = 2𝑛+1 + 𝑛

𝑛

𝑘=0

or 

∑ 𝑚𝑘 = 2

𝑛

𝑘=0

𝑚𝑛 + 𝑛 − 2 

Definition 2.7. The Jacobsthal numbers {𝐽𝑛}𝑛=0
∞  are defined by the following recurrence

relation, 

𝐽𝑛+2 = 𝐽𝑛+1 + 2𝐽𝑛 

with  𝐽0 = 0 and 𝐽1 = 1.  [9] 

Definition 2.8. The Jacobsthal -Lucas numbers {𝑗𝑛}𝑛=0
∞  are given by

𝑗𝑛+2 = 𝑗𝑛+1 + 2𝑗𝑛 

with  𝑗0 = 2 and 𝑗1 = 1.  [9] 

Definition 2.9. The Mersenne hybrid number, {𝑀𝐻𝑛}𝑛=0
∞  is defined as

𝑀𝐻𝑛 = 𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝜀𝑀𝑛+2 + ℎ𝑀𝑛+3,  𝑛 ≥  0

where 𝑀𝑛 is the nth Mersenne number. [18] 

Now let's give the preliminary information. 

3 MERSENNE-LUCAS HYBRID NUMBERS 

Definition 3.1. Let 𝑛 ≥ 0 be integer, Mersenne-Lucas hybrid numbers {𝑚ℎ𝑛} for 𝑛 = 0, … , ∞
is defined as, 

𝑚ℎ𝑛 = 𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3 (1) 
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where, 𝑚𝑛 is nth Mersenne-Lucas number. 

Let us give a few terms of Mersenne-Lucas hybrid numbers in Table 1. 

0 

1 

2 

3 9 + 17𝑖 + 33𝜀 + 65ℎ 

 Table 1: Same values of Mersenne-Lucas hybrid numbers 

Theorem 3.2. The Binet formula for {mhn}n=0
∞  is defined as,

𝑚ℎ𝑛 = 2n(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ), 𝑛 ≥  0.

Proof.  From (1) and the Binet formula for Mersenne-Lucas numbers, we have 

𝑚ℎ𝑛 = 2𝑛 + 1 + 𝑖(2𝑛+1 + 1) + 𝜀(2𝑛+2 + 1) + ℎ(2𝑛+3 + 1)

= 2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ)

Thus, the proof is complete.   □ 

Lemma 3.3. Let 𝑛 ≥ 0 be integer, the recurrance relation of Mersenne-Lucas hybrid numbers 

{𝑚ℎ𝑛}𝑛=0
∞  is given as,

𝑚ℎ𝑛+2 = 3𝑚ℎ𝑛+1 − 2𝑚ℎ𝑛 

Proof. From (1), we obtain 

𝑚ℎ𝑛+2 = 𝑚𝑛+2 + 𝑖𝑚𝑛+3 + 𝜀𝑚𝑛+4 + ℎ𝑚𝑛+5 

= (3𝑚𝑛+1 − 2𝑚𝑛) + 𝑖(3𝑚𝑛+2 − 2𝑚𝑛+1) + 𝜀(3𝑚𝑛+3 − 2𝑚𝑛+2) + ℎ(3𝑚𝑛+4 − 2𝑚𝑛+3)

= 3(𝑚𝑛+1 + 𝑖𝑚𝑛+2 + 𝜀𝑚𝑛+3 + ℎ𝑚𝑛+4) − 2(𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3)

= 3𝑚ℎ𝑛+1 − 2𝑚ℎ𝑛 

Thus, the desired is obtained. □ 

Theorem 3.4. The generating function for {mhn}n=0
∞  is given as follows,

𝐺(𝑡) = ∑ 𝑚ℎ𝑛𝑡𝑛 =
2 + 3𝑖 + 5𝜀 + 9ℎ − 𝑡(3 + 4𝑖 + 6𝜀 + 10ℎ)

(1 − 3𝑡 + 2𝑡2)

∞

𝑛=0
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Proof. We have 

𝐺(𝑡) = 𝑚ℎ0 + 𝑚ℎ1𝑡 + 𝑚ℎ2𝑡2 + ⋯ + 𝑚ℎ𝑛𝑡𝑛 + ⋯        (2) 

Let us multiply Equation (2) by −3𝑡, 2𝑡2 respectively. So, the following equations are obtained. 

                            𝐺(𝑡) = 𝑚ℎ0 + 𝑚ℎ1𝑡 + 𝑚ℎ2𝑡2 + ⋯ + 𝑚ℎ𝑛𝑡𝑛 + ⋯      

−3𝑡𝐺(𝑡) = −3𝑡𝑚ℎ0 − 3𝑡2𝑚ℎ1 − 3𝑡3𝑚ℎ2 − ⋯ − 3𝑡𝑛+1𝑚ℎ𝑛 − ⋯ 

2𝑡2𝐺(𝑡) = 2𝑡2𝑚ℎ0 + 2𝑡3𝑚ℎ1 + 2𝑡4𝑚ℎ2 + ⋯ + 2𝑡𝑛+2𝑚ℎ𝑛 + ⋯ 

If we take the necessary calculations to take advantage of the recurrence relation, we obtain the 

following equations 

𝐺(𝑡)(1 − 3𝑡 + 2𝑡2) = 𝑚ℎ0 + 𝑚ℎ1𝑡 − 3𝑡𝑚ℎ0 

𝐺(𝑡) =
2 + 3𝑖 + 5𝜀 + 9ℎ + 𝑡(3 + 5𝑖 + 9𝜀 + 17ℎ) − 3𝑡(2 + 3𝑖 + 5𝜀 + 9ℎ)

(1 − 3𝑡 + 2𝑡2)
 

𝐺(𝑡) =
2 + 3𝑖 + 5𝜀 + 9ℎ − 𝑡(3 + 4𝑖 + 6𝜀 + 10ℎ)

(1 − 3𝑡 + 2𝑡2)
 

In this case, the desired formula is obtained.       □ 

Theorem 3.5. Let 𝑆(𝑡) be sum of {mhn}n=0
∞ . Then we have, 

𝑆(𝑡) = ∑ 𝑚ℎ𝑘 = 2𝑚ℎ𝑛 + 𝑛 − 2 + 𝑖(𝑛 − 3) + 𝜀(𝑛 − 5) + ℎ(𝑛 − 9)

n

k=0

 

Proof. We have, 

𝑆(𝑡) = 𝑚ℎ0 + 𝑚ℎ1 + 𝑚ℎ2 + ⋯ + 𝑚ℎ𝑛 

From (2.1), we have 

𝑆(𝑡) = 𝑚0 + 𝑖𝑚1 + 𝜀𝑚2 + ℎ𝑚3 + 𝑚1 + 𝑖𝑚2 + 𝜀𝑚3 + ℎ𝑚4 + ⋯ + 𝑚𝑛 

+𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3 

                                = (𝑚0 + 𝑚1 + ⋯ + 𝑚𝑛) + 𝑖(𝑚1 + ⋯ + 𝑚𝑛+1) 

+𝜀(𝑚2 + ⋯ +𝑚𝑛+2) + ℎ(𝑚3 + ⋯ + 𝑚𝑛+3) 

From the sum of Mersenne numbers, we get the following 

= (2𝑚𝑛 + 𝑛 − 2) + 𝑖(2𝑚𝑛+1 + 𝑛 − 1 − 2) + 𝜀(2𝑚𝑛+2 + 𝑛 − 2 − 3) 

     +ℎ(2𝑚𝑛+3 + 𝑛 + 1 − 2 − 3 − 5) 

 = 2(𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3) + 𝑛 − 2 + 𝑖(𝑛 − 3) + 𝜀(𝑛 − 5) + ℎ(𝑛 − 9) 

 = 2𝑚ℎ𝑛 + 𝑛 − 2 + 𝑖(𝑛 − 3) + 𝜀(𝑛 − 5) + ℎ(𝑛 − 9) 

Thus, proof is complete.          □ 

Theorem 3.6. The character of  {mhn}n=0
∞  is 
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𝐶(𝑚ℎ𝑛) = −35𝑚2
𝑛 − 54𝑚2

𝑛+1 + 88𝑚𝑛𝑚𝑛+1,    𝑛 ≥  0 

where 𝑚𝑛 is the 𝑛𝑡ℎ Mersenne-Lucas number. 

Proof.  From definition character of hybrid numbers, we get 

𝐶(𝑚ℎ𝑛) = 𝑚ℎ𝑛𝑚ℎ𝑛
̅̅ ̅̅ ̅̅ = (𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3)(𝑚𝑛 − 𝑖𝑚𝑛+1 

−𝜀𝑚𝑛+2 − ℎ𝑚𝑛+3 )   

                                                          = 𝑚2
𝑛 + 𝑚2

𝑛+1 − 2𝑚𝑛+1𝑚𝑛+2 − 𝑚2
𝑛+3 

Using reccurance relation of Mersenne numbers are the following, 

𝑚𝑛+2 = 3𝑚𝑛+1 − 2𝑚𝑛 

and  

𝑚𝑛+3 = 3𝑚𝑛+2 − 2𝑚𝑛+1 

                                                                        = 3(3𝑚𝑛+1 − 2𝑚𝑛) − 2𝑚𝑛+1 

         = 7𝑚𝑛+1 − 6𝑚𝑛 

Then, we have, 

𝐶(𝑚ℎ𝑛) = 𝑚2
𝑛 + 𝑚2

𝑛+1 − 2𝑚𝑛+1(3𝑚𝑛+1 − 2𝑚𝑛) − (7𝑚𝑛+1 − 6𝑚𝑛)2 

               = 𝑚2
𝑛 + 𝑚2

𝑛+1 − 6𝑚2
𝑛+1 + 4𝑚𝑛+1𝑚𝑛 − 49𝑚2

𝑛+1 + 84𝑚𝑛+1𝑚𝑛 − 36𝑚2
𝑛 

               = −35𝑚2
𝑛 − 54𝑚2

𝑛+1 + 88𝑚𝑛+1𝑚𝑛 

Thus, the proof is complete.          □ 

Theorem 3.7. For any 𝑛 ≥ 0, Mersenne-Lucas hybrid number is spacelike. 

Proof.  From the definitions of Character and Binet formula of Mersenne-Lucas numbers, we 

obtain that, 

𝐶(𝑚ℎ𝑛) = −35𝑚2
𝑛 − 54𝑚2

𝑛+1 + 88𝑚𝑛+1𝑚𝑛 

              = −35(2𝑛 + 1)2 − 54(2𝑛+1 + 1)2 + 88(2𝑛+1 + 1)(2𝑛 + 1) 

              = −75. 22𝑛 − 22. 2𝑛 − 1 

Since 𝐶(𝑚ℎ𝑛) < 0  for any 𝑛 ≥ 0, Mersenne-Lucas hybrid number is spacelike.  □ 

Theorem 3.8. The vector representation of Mersenne-Lucas Hybrid numbers provide the 

following identities. 

𝑉𝑚ℎ𝑛
= 3𝑉𝑚ℎ𝑛+1

− 2𝑉𝑚ℎ𝑛+2
 

Proof.  By using definition the vector representation of Mersenne in Definition 1.1., we get 

3𝑉𝑚ℎ𝑛+1
− 2𝑉𝑚ℎ𝑛+2

 

= (3𝑚𝑛+1, 3𝑚𝑛+2 − 3𝑚𝑛+3, 3𝑚𝑛+4, 3𝑚𝑛+5) − (2𝑚𝑛+2, 2𝑚𝑛+3 − 2𝑚𝑛+4, 2𝑚𝑛+5, 2𝑚𝑛+6) 
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 = (3𝑚𝑛+1 − 2𝑚𝑛+2, 3𝑚𝑛+2 − 2𝑚𝑛+3 − 3𝑚𝑛+3 − 2𝑚𝑛+4, 3𝑚𝑛+4 − 2𝑚𝑛+5, 3𝑚𝑛+5 

      −2𝑚𝑛+6) 

From the reccurence relation of Mersenne numbers, 

= (𝑚𝑛, 𝑚𝑛+1 − 𝑚𝑛+2, 𝑚𝑛+3, 𝑚𝑛+4) 

Thus, 

𝑉𝑚ℎ𝑛
= (𝑚𝑛, 𝑚𝑛+1 − 𝑚𝑛+2, 𝑚𝑛+3, 𝑚𝑛+4) = 3𝑉𝑚ℎ𝑛+1

− 2𝑉𝑚ℎ𝑛+2

is obtained.  □ 

Definition 3.9. Let  𝑁(𝑚ℎ𝑛)  be norm of the Mersenne-Lucas hybrid numbers. Then we have, 

𝑁(𝑚ℎ𝑛) = √𝐶(𝑚ℎ𝑛) = √−35𝑚2
𝑛 − 54𝑚2

𝑛+1 + 88𝑚𝑛+1𝑚𝑛 .

Theorem 3.10. We have the following properties, 

𝑖)𝑚ℎ𝑛 + 𝑚ℎ𝑛+1 = 3. 2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ) + 2(1 + 𝑖 + 𝜀 + ℎ)

        𝑖𝑖)𝑚ℎ𝑛+1 = 2𝑚ℎ𝑛 − (1 + 𝑖 + 𝜀 + ℎ) 

Proof.  From (2.1), we have 

𝑖)  𝑚ℎ𝑛 + 𝑚ℎ𝑛+1 

= (𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3) + (𝑚𝑛+1 + 𝑖𝑚𝑛+2 + 𝜀𝑚𝑛+3 + ℎ𝑚𝑛+4)

= 2𝑛 + 1 + 𝑖(2𝑛+1 + 1) + 𝜀(2𝑛+2 + 1) + ℎ(2𝑛+3 + 1)

+(2𝑛+1 + 1) + 𝑖(2𝑛+2 + 1) + 𝜀(2𝑛+3 + 1) + ℎ(2𝑛+4 + 1)

= 3.2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ) + 2(1 + 𝑖 + 𝜀 + ℎ)

So, the proof is complete. 

𝑖𝑖) 𝑚ℎ𝑛+1 = 𝑚𝑛+1 + 𝑖𝑚𝑛+2 + 𝜀𝑚𝑛+3 + ℎ𝑚𝑛+4 

From reccurance relation of Mersenne-Lucas number, we have 

= 2𝑚𝑛 − 1 + 𝑖(2𝑚𝑛+1 − 1) + 𝜀(2𝑚𝑛+2 − 1) + ℎ(2𝑚𝑛+3 − 1)

= 2(𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3) − (1 + 𝑖 + 𝜀 + ℎ)

= 2𝑚ℎ𝑛 − (1 + 𝑖 + 𝜀 + ℎ) 

Thus, the proof is complete.  □ 

Lemma 3.11. We have the following relations 

𝑖)  𝑚𝑛 = {
 3𝐽𝑛    , 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

3𝐽𝑛 + 2, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

𝑖𝑖)  𝑚𝑛 = {
 𝑗𝑛    , 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑗𝑛 + 2, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
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Proof. The proof is easily shown by induction over 𝑛.      □ 

Theorem 3.12. By the following identities between Mersenne-Lucas hybrid number, Jacobshtal 

hyrid numbers and Jacobshtal-Lucas hyrid numbers are provided. 

𝑖) 𝑚ℎ𝑛 + 𝑚ℎ𝑛+1 = 3(𝐽𝐻𝑛 + 𝐽𝐻𝑛+1) + 2(1 + 𝑖 + 𝜀 + ℎ) 

𝑖𝑖) 𝑚ℎ𝑛 + 𝑚ℎ𝑛+1 = 𝑗𝐻𝑛 + 𝑗𝐻𝑛+1 + 2 + 3𝑖 + 5𝜀 + 5ℎ 

Proof. 𝑖) Let’s 𝑛 is even. From Lemma 2.2., we obtain 

𝑚ℎ𝑛 = 𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3 

                                                          = 3𝐽𝑛 + i(3𝐽𝑛+1 + 2) + 𝜀(3𝐽𝑛+2) + ℎ(3𝐽𝑛+3 + 2) 

                                                          = 3𝐽𝑛 + 𝑖3𝐽𝑛+1 + 𝜀3𝐽𝑛+2 + ℎ3𝐽𝑛+3 + 2ℎ + 2𝑖 

                                                          = 3(𝐽𝑛 + i𝐽𝑛+1 + 𝜀𝐽𝑛+2 + h𝐽𝑛+3) + 2ℎ + 2𝑖 

From the definition of Jacobshtal hyrid numbers, we have 

                                                 𝑚ℎ𝑛 = 3𝐽𝐻𝑛 + 2ℎ + 2𝑖 

𝑚ℎ𝑛+1 = 𝑚𝑛+1 + 𝑖𝑚𝑛+2 + 𝜀𝑚𝑛+3 + ℎ𝑚𝑛+4 

                                                          = (3𝐽𝑛+1 + 2) + 𝑖(3𝐽𝑛+2) + 𝜀(3𝐽𝑛+3 + 2) + ℎ(3𝐽𝑛+4) 

                                                          = 3(𝐽𝑛+1 + 𝑖𝐽𝑛+2 + 𝜀𝐽𝑛+3 + ℎ𝐽𝑛+4) + 2 + 2𝜀 

From the definition of Jacobshtal hybrid numbers, we get 

= 3𝐽𝐻𝑛+1 + 2 + 2𝜀 

So, we obtain the following equation, 

𝑚ℎ𝑛 + 𝑚ℎ𝑛+1 = 3𝐽𝐻𝑛 + 2h + 2i + 3𝐽𝐻𝑛+1 + 2 + 2𝜀   

                                                        = 3(𝐽𝐻𝑛 + 𝐽𝐻𝑛+1) + 2(1 + 𝑖 + 𝜀 + ℎ) 

Similarly, it is shown in the state of the 𝑛. 

𝑖𝑖)   Let’s 𝑛 is even. From Lemma 2.2, we get 

𝑚ℎ𝑛 = 𝑚𝑛 + 𝑖𝑚𝑛+1 + 𝜀𝑚𝑛+2 + ℎ𝑚𝑛+3 

                                                          = (𝑗𝑛 + 2) + 𝑖(𝑗𝑛+1) + 𝜀(𝑗𝑛+2 + 2) + ℎ(𝑗𝑛+3) 

                                                          = 𝑗𝑛 + 𝑖𝑗𝑛+1 + 𝜀𝑗𝑛+2 + ℎ𝑗𝑛+3 + 2 + 𝑖 + 2𝜀 + 3ℎ 

From the definition of Jacobshtal-Lucas hybrid numbers, we have 

𝑚ℎ𝑛+1 = 𝑚𝑛+1 + 𝑖𝑚𝑛+2 + 𝜀𝑚𝑛+3 + ℎ𝑚𝑛+4 

                              = 𝑗𝑛+1 + +𝑖(𝑗𝑛+2 + 2) + 𝜀(𝑗𝑛+3) + ℎ(𝑗𝑛+4 + 2) 

                                                          = 𝑗𝑛+1 + 𝑖𝑗𝑛+2 + 𝜀𝑗𝑛+3 + ℎ𝑗𝑛+4 + 2𝑖 + 3𝜀 + 2ℎ 

                                                          = 𝑗𝐻𝑛+1 + 2𝑖 + 3𝜀 + 2ℎ 
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So, we get  

𝑚ℎ𝑛 + 𝑚ℎ𝑛+1 = 𝑗𝐻𝑛 + 2 + 𝑖 + 2𝜀 + 3ℎ + 𝑗𝐻𝑛+1 + 2i + 3𝜀 + 2ℎ 

 = 𝑗𝐻𝑛 + 𝑗𝐻𝑛+1 + 2 + 3𝑖 + 5𝜀 + 5ℎ 

Similarly, it is shown in the state of the 𝑛. 

Thus the proof is complete.          □ 

Theorem 3.13. There is a relationship between Mersenne-Lucas hybrid numbers and Mersenne 

hyrid numbers  

𝑚ℎ𝑛 = 2𝑀𝐻𝑛+1 − 3𝑀𝐻𝑛 

Proof.  Let's use the Binet formula for the right hand side of the equation. Then we get 

2𝑀𝐻𝑛+1 − 3𝑀𝐻𝑛 = 2.2𝑛+1(1 + 2𝑖 + 4𝜀 + 8ℎ) − 2(1 + 𝑖 + 𝜀 + ℎ) 

−3. 2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ) + 3(1 + 𝑖 + 𝜀 + ℎ) 

 

                                                  = 2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ) = 𝑚ℎ𝑛 

Thus, 

𝑚ℎ𝑛 = 2𝑀𝐻𝑛+1 − 3𝑀𝐻𝑛 

is obtained.            □ 

Theorem 3.14. For 𝑛 ≥  0, the following equations are provided 

𝑖) 𝑆(𝑚ℎ𝑛) = {
    3𝐽𝑛,      𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
3𝐽𝑛 + 2,   𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

𝑖𝑖) 𝑆(𝑚ℎ𝑛) = {
  𝑗𝑛    , 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑗𝑛 + 2, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
 

where 𝑆(𝑚ℎ𝑛) are the scalar parts of Mersenne-Lucas numbers. 

Proof.  𝑖).  By using the definition of the scalar parts of Mersenne in Definition 1.1., we have 

𝑆(𝑚ℎ𝑛) = 𝑚𝑛 

From Lemma 2.2., if 𝑛  is even then we get 

𝑆(𝑚ℎ𝑛) = 𝑚𝑛 = 3𝐽𝑛 

If 𝑛  is odd, then we have 

𝑆(𝑚ℎ𝑛) = 𝑚𝑛 = 3𝐽𝑛 + 2 

𝑖𝑖). From the definition of the scalar parts of Mersenne, we get 

𝑆(𝑚ℎ𝑛) = 𝑚𝑛 

From Lemma 2.2., if 𝑛  is even, then we get 

𝑆(𝑚ℎ𝑛) = 𝑚𝑛 = j𝑛 
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If 𝑛  is odd, then we have 

𝑆(𝑚ℎ𝑛) = 𝑚𝑛 = j𝑛 + 2

Thus, the proof is obtained. □ 

We will now give some important identities regarding the Mersenne-Lucas hybrid numbers. 

Theorem 3.15. Cassini identity of Mersenne-Lucas hybrid numbers for 𝑛 > 0 as follows: 

𝑚ℎ𝑛−1𝑚ℎ𝑛+1 − 𝑚ℎ2
𝑛 = 2𝑛−1(13 + 21𝑖 + 11𝜀 + 3ℎ)

Proof. For proof, let's write the left side of the equality by using the binet formula, we get 

𝑚ℎ(𝑛−1)𝑚ℎ(𝑛+1) − 𝑚ℎ2
𝑛

= 2𝑛−1(1 + 2𝑖 + 4𝜀 + 8ℎ)(1 + 𝑖 + 𝜀 + ℎ) + 2𝑛+1(1 + 𝑖 + 𝜀 + ℎ)(1 + 2𝑖 + 4𝜀 + 8ℎ)

−2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ)(1 + 𝑖 + 𝜀 + ℎ) − 2𝑛(1 + 𝑖 + 𝜀 + ℎ)(1 + 2𝑖 + 4𝜀 + 8ℎ)

= 2𝑛−1(13 − 3i + 3𝜀 + 11h) + 2𝑛+1(13 + 9i + 7𝜀 + 7ℎ) − 2𝑛(13 − 3i + 3𝜀 + 11h)
− 2𝑛(13 + 9i + 7𝜀 + 7h)

 = −2𝑛−1(13 − 3𝑖 + 3𝜀 + 11ℎ) + 2𝑛(13 + 9𝑖 + 7𝜀 + 7ℎ)

= 2𝑛−1(13 + 21𝑖 + 11𝜀 + 3ℎ)

Thus the proof is obtained.   □ 

Theorem 3.16. Catalan identity of Mersenne-Lucas hybrid numbers for 𝑛, 𝑟 ≥ 0 as follows: 

𝑚ℎ𝑛−𝑟𝑚ℎ𝑛+𝑟 − 𝑚ℎ2
𝑛 = 2𝑛−r(1 − 2r)(13 − 3𝑖 + 3𝜀 + 11ℎ

−2r(13 + 9𝑖 + 7𝜀 + 7ℎ))

Proof. 

𝑚ℎ𝑛−𝑟𝑚ℎ𝑛+𝑟 − 𝑚ℎ2
𝑛

= 2𝑛−r(1 + 2𝑖 + 4𝜀 + 8ℎ)(1 + 𝑖 + 𝜀 + ℎ) + 2𝑛+r(1 + 𝑖 + 𝜀 + ℎ)(1 + 2𝑖 + 4𝜀 + 8ℎ)

−2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ)(1 + 𝑖 + 𝜀 + ℎ) − 2𝑛(1 + 𝑖 + 𝜀 + ℎ)(1 + 2𝑖 + 4𝜀 + 8ℎ)

= 2𝑛−r(13 − 3𝑖 + 3𝜀 + 11ℎ) + 2𝑛+r(13 + 9𝑖 + 7𝜀 + 7ℎ) − 2𝑛(13 − 3𝑖 + 3𝜀 + 11h)
− 2𝑛(13 + 9𝑖 + 7𝜀 + 7ℎ)

 = 2𝑛−r(13 − 3𝑖 + 3𝜀 + 11ℎ)(1 − 2r) + 2n (13 + 9𝑖 + 7𝜀 + 7ℎ)(2r − 1)

  = 2𝑛−r(1 − 2r)[13 − 3𝑖 + 3𝜀 + 11ℎ − 2r(13 + 9𝑖 + 7𝜀 + 7ℎ)]

Thus the proof is obtained. □ 

If we write 𝑟 =  1 , then we get the Cassini identity. 

Theorem 3.17. Vajda identity of Mersenne-Lucas hybrid numbers for 𝑛, 𝑚, 𝑟 ≥ 0 as follows: 

𝑚ℎ𝑛+𝑟𝑚ℎ𝑛+𝑘 − 𝑚ℎ𝑛𝑚ℎ𝑛+𝑟+𝑘 

= 22𝑛−r(2𝑟 − 1)[(13 − 3𝑖 + 3𝜀 + 11ℎ − 2k(13 + 9𝑖 + 7𝜀 + 7ℎ)]
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Proof. For proof, let's write the left side of the equality by using the Binet formula, we get 

𝑚ℎ𝑛+𝑟𝑚ℎ𝑛+𝑘 − 𝑚ℎ𝑛𝑚ℎ𝑛+𝑟+𝑘 

= 2𝑛+r(13 − 3𝑖 + 3𝜀 + 11ℎ) + 2𝑛+𝑘(13 + 9𝑖 + 7𝜀 + 7ℎ) − 2𝑛(13 − 3𝑖 + 3𝜀 + 11ℎ)

− 2𝑛+𝑟+𝑘(13 + 9𝑖 + 7𝜀 + 7ℎ) 

= 2𝑛(13 − 3𝑖 + 3𝜀 + 11ℎ)(2r − 1) − 2𝑛+𝑘(13 + 9𝑖 + 7𝜀 + 7ℎ)(2r − 1) 

= 2𝑛(2r − 1)((13 − 3𝑖 + 3𝜀 + 11ℎ) − 2k(13 + 9𝑖 + 7𝜀 + 7ℎ)) 

Thus, the desired expression is obtained.        □ 

Theorem 3.18.    D’ocagne identity of Mersenne-Lucas hybrid numbers for 𝑛, 𝑚 ≥ 0 as 

follows: 

𝑚ℎ𝑚𝑚ℎ𝑛+1 − 𝑚ℎ𝑛𝑚ℎ𝑚+1 = 2𝑛−𝑚(13 + 2𝑖 + 11𝜀 + 3ℎ) 

Proof. For proof, let's write the left side of the equality by using the Binet formula,then we get 

𝑚ℎ𝑚𝑚ℎ𝑛+1 − 𝑚ℎ𝑛𝑚ℎ𝑚+1 

= 2𝑚(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ)][2𝑛+1(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ)]
− [2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ)][2𝑚+1(1 + 2𝑖 + 4𝜀 + 8ℎ) 

= 2𝑚(13 − 3𝑖 + 3𝜀 + 11ℎ) + 2𝑛+1(13 + 9𝑖 + 7𝜀 + 7ℎ) − 2𝑛(13 − 3𝑖 + 3𝜀 + 11ℎ)
− 2𝑚+1(13 + 9𝑖 + 7𝜀 + 7ℎ) 

= (13 − 3𝑖 + 3𝜀 + 11ℎ)(2𝑚 − 2𝑛) + (13 + 9𝑖 + 7𝜀 + 7ℎ)(2𝑛+1 − 2𝑚+1) 

= 2𝑛−𝑚(13 + 2𝑖 + 11𝜀 + 3ℎ)                                                                                                    

Thus, the proof is obtained.          □ 

Theorem 3.19.  Honsberger identity of Mersenne-Lucas hybrid numbers for 𝑛, 𝑚 ≥ 0 as 

follows: 

𝑚ℎ𝑛𝑚ℎ𝑚 + 𝑚ℎ𝑛+1𝑚ℎ𝑚+1 = (2𝑛+𝑚385 + 2𝑛39 + 2𝑚39 + 6) 

+(2𝑛+𝑚20 − 2𝑛9 + 2𝑚27 + 4)𝑖 + (2𝑛+𝑚40 + 2𝑛9 + 2𝑚21 + 4)𝜀 

+(2𝑛+𝑚80 + 2𝑛33 + 2𝑚21 + 4)ℎ 

Proof. For proof, let's write the left side of the equality by using the Binet formula, then we get 

𝑚ℎ𝑛𝑚ℎ𝑚 + 𝑚ℎ𝑛+1𝑚ℎ𝑚+1 

= 2𝑛(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ)][2𝑚(1 + 2𝑖 + 4𝜀 + 8ℎ) 

+(1 + 𝑖 + 𝜀 + ℎ)] + [2𝑛+1(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ)] 

[2𝑚+1(1 + 2𝑖 + 4𝜀 + 8ℎ) + (1 + 𝑖 + 𝜀 + ℎ)] 

= (2𝑛+𝑚5(77 + 4𝑖 + 8𝜀 + 16ℎ)) + 2𝑛3(13 − 3𝑖 + 3𝜀 + 11ℎ) 

+2𝑚3(13 + 9𝑖 + 7𝜀 + 7ℎ) + (6 + 4𝑖 + 4𝜀 + 4ℎ) 

= (2𝑛+𝑚385 + 2𝑛39 + 2𝑚39 + 6) + (2𝑛+𝑚20 − 2𝑛9 + 2𝑚27 + 4)𝑖 
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+(2𝑛+𝑚40 + 2𝑛9 + 2𝑚21 + 4)𝜀 + (2𝑛+𝑚80 + 2𝑛33 + 2𝑚21 + 4)ℎ

Thus, the proof is obtained. 

4 CONCLUSIONS 

We presented Mersenne-Lucas hybrid numbers. We have given the Binet formula, the 

generating function, the character and the norm for Mersenne-Lucas hybrid numbers. Also, we 

have given relations among these numbers. Then we have obtained Cassini identity, Catalan 

identity, Vajda identity and D’ocagne identity for Mersenne-Lucas hybrid numbers.  
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