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Summary. In this paper, we focus our attention on physical parameters of so-called envelope

solitary waves beneath an ice cover. The form and propagation of waves in water basins under

the ice cover are described by the two-dimensional Euler equations. The ice cover is modeled

by an elastic Kirchhoff–Love plate and is assumed to be of considerable thickness so that the

inertia of the plate is taken into account in the formulation of the model. The Euler equations

involve the additional pressure from the plate that is freely floating at the surface of the fluid.

We consider the self-focusing case, when envelope solitary waves exist, for which the envelope

speed (group speed) is equal to the speed of filling (phase speed). The indicated families of

envelope solitary waves are parameterized by the speed of the waves, and their existence is

proved earlier for speeds lying in some neighborhood of the critical value corresponding to

the quiescent state. The envelope solitary waves, in turn, bifurcate from the quiescent state

and lie in some neighborhood of it. Analyzing the form of the envelope solitary wave and the

critical parameters for it we determine characteristic values of length and speed of the wave for

the initially pre-stressed ice cover. These physical parameters can be compared with possible

observations detecting such waves in practice.

1 INTRODUCTION

The physical processes arising in plane parallel water flows are of great interest (see, e.g.,

[1]). In this paper we focus our attention on physical parameters of so-called envelope soli-

tary waves beneath an ice cover. Both envelope solitary waves and dark solitons correspond to

solutions of traveling wave type of the full two-dimensional (2D) Euler equations of an ideal

incompressible fluid in the presence of the ice cover. The ice cover is usually modeled either

by an elastic Kirchhoff–Love plate [2–4] or by a Cosserát shell [5], though a form of surface

traveling wave patterns is qualitatively the same in these two cases. The description of envelope

solitary waves either of small or of finite amplitudes and their properties (including stability

analysis using numerical methods) can be found, for example, in [6–9].

The form and propagation of waves in such basins are described by the full 2D Euler equa-

tions. The Euler equations involve the additional pressure from the plate that is freely floating

at the surface of the fluid. The ice cover is modeled by an elastic Kirchhoff–Love plate and is

assumed to be of considerable thickness so that the inertia of the plate is taken into account in
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the formulation of the model. We consider the self-focusing case, when envelope solitary waves

exist, for which the envelope speed (group speed) is equal to the speed of filling (phase speed).

The indicated families of envelope solitary waves are parameterized by the speed of the waves,

and their existence is proved earlier for speeds lying in some neighborhood of the critical value

corresponding to the quiescent state. The envelope solitary waves, in turn, bifurcate from the

quiescent state and lie in some neighborhood of it.

It is known [6] that for each value of ice thickness there exist some critical values of water

depth and speed where envelope solitary waves cease to exist, and they are replaced by dark

solitary waves. Hence, there exist a finite range of values of water depth (for fixed value of the

ice cover thickness) where a family of envelope solitary waves locally exist (this family may be

continued with respect to the wave amplitude [10]). Analyzing the form of the envelope solitary

wave from this range and the critical parameters for it we determine characteristic values of

length and speed of the wave. For each value of the ice cover thickness and the water depth we

find the corresponding values of wave length, speed and frequency.

We first, give the brief formulation of the problem, then consider the methodology, results

and give our conclusion and discussion.

2 FORMULATION

2.1 Model of the ice cover

The equation of the balance of forces acting from the plate to the fluid is reduced to the

following form [4]:

p = p0 +
σ0h

Rm

−∂ 2
xxM+ρsh

∂ 2η

∂ t2
, M =

J

Rm

, J =
Eh3

12(1−ν2)
. (1)

The curvature of a middle surface which is identified with the plate after averaging procedure

with respect to plate thickness is given by [2] as

1

Rm
=− ∂xxη

(1+(∂xη)2)3/2 −h∂xxη/2
.

The notations for the dimensional physical values and fundamental constants are given in ta-

ble 1.

2.2 Equations of the fluid–ice system

We study plane potential motions of the ideal incompressible fluid of finite depth with a

horizontal bottom.
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Symbol Value Dimension

p pressure in the fluid [ML−1T−2]
p0 atmospheric pressure [ML−1T−2]
ϕ velocity potential [L2T−1]
η surface deviation of the ice–fluid interface [L]
Rm radius of the middle surface of the plate [L]
x horizontal coordinate [L]
z vertical coordinate [L]
h ice thickness [L]
H fluid depth [L]
g gravity acceleration [LT−2]
k wave number [L−1]
ω frequency [T−1]
σ0 pre-stress in the plate [ML−1T−2]
E Young module [ML−1T−2]
ν Poisson coefficient [ ]
ρ fluid density [ML−3]
ρs ice density [ML−3]

Table 1: Notations of the dimensional physical values and fundamental constants.

The fluid occupies the domain

D = {x ∈ R; 0 < z < H +η(x)},

with the boundary

∂D = ∂D+∪∂D− = {x ∈ R;z = H +η(x)∪ z = 0}.

The interface between the fluid and ice is given by the equation z = H +η(x), x ∈ R.

From (1) it follows that the Euler equations of the ideal incompressible fluid of finite depth

with a horizontal bottom in presence of the mentioned surface effects has the form [4]

ϕxx +ϕzz = 0, (x,z) ∈ D,

ϕz = 0, (x,z) ∈ ∂D−,

ϕt +
1

2
(ϕ2

x +ϕ2
z )+gη − b̂κ̂1 +

J

ρ
κ̂2 + ĉηtt = 0, (x,z) ∈ ∂D+,

ηt +ηxϕx = ϕz, (x,z) ∈ ∂D+, (2)
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where

b̂ =
hσ0

ρ
, ĉ = ρsh/ρ , κ̂1 =

ηxx

(1+η2
x )

3/2 −hηxx

, κ̂2 = ∂ 2
xx

ηxx

(1+η2
x )

3/2 −hηxx

.

The letter subscripts denote differentiation with respect to corresponding variables.

3 TRAVELING WAVES

Consider a traveling wave which propagates to the left with the speed V along the x-axis.

In the coordinates moving with the speed V the components of the velocity vector of particles

v = (u,v)⊤ satisfy the following asymptotic conditions u →V , v → 0, x → ∞.

Make, further, the following scaling transformations:

(x,z)→
( x

H
,

z

H

)

, η → η

H
, v → v

V
.

For these transformations D → Ω, ∂D± → ∂Ω±,

Ω = {x ∈ R; 0 < z < 1+η(x)}, ∂Ω = ∂Ω+∪∂Ω− = {x ∈ R;z = 1+η(x)∪ z = 0}.

In new dimensionless variables (for them we use the previous notations), the Euler equation

(2.2) for traveling waves have the form

rotv = 0, divv = 0, (x,z) ∈ Ω;

1

2
|v|2+λη −bκ1 + γκ2 + c∂xxη = const, (x,z) ∈ ∂Ω+;

∂xη u− v = 0, (x,z) ∈ ∂Ω+; (3)

v = 0, (x,z) ∈ ∂Ω−.

The constants λ , b, γ , c and κ are determined by

λ = gH/V 2, b =
b̂

HV 2
− c, γ =

J

ρV 2H3
, c =

ĉ

H
, κ =

h

H
.

The functions κ j, j = 1,2, are given by

κ1 =
∂xxη

(1+(∂xη)2)3/2 −κ∂xxη
, κ2 = ∂ 2

xx

∂xxη

(1+(∂xη)2)3/2 −κ∂xxη
.
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It can be shown that equations (3) can be written locally in the operator form

∂xu = A (λ )u+G(λ ,c,u), (4)

where λ = (λ ,b,γ)⊤, vector function u is the unknown, A (λ) is the linear operator acting in

certain functional spaces, G(λ ,c,u) is the nonlinearity, µ is a small parameter [4]. It can be also

shown that due to properties of the operator A in the neighborhood of the the surface in the

parameter (λ ,b,γ) space, parameterized by {q,γ0}, where q is the dimensionless wave number

q = kH (wave length l = 2π/k), as follows

λ0 = γ0q4 +
qcothq

2
+

q2 sinh−2 q

2
,

b0 =−2γ0q2 +
cothq

2q
− sinhh−2 q

2
. (5)

It can be shown [4] that (4) can be rewritten as

u̇ = A u+F(µ,u), A = A (λ 0), F(0,0) = 0, ∂uF(0,0) = 0. (6)

4 CENTRE MANIFOLD REDUCTION AND NORMAL FORM APPROXIMATION

In the case in question the following results are valid (see [4] and references therein).

Theorem 1 (about centre manifold, [11]). The manifold

Mµ =
{(

u0,h(µ,u0)
)

∈ X , ||u0||< ε
}

, ε ≪ 1, u0 ∈ X0,

(|| · ||denotes a norm in X ) is the invariant manifold of the dynamic system (6), contains all

small bounded solutions of this system and is called the centre manifold. The dimension of the

space X0 is finite, that is equivalent to finiteness of number of the imaginary eigenvalues (with

their multiplicity) of the operator A . The system of equations (6) after projection on the space

X0 and its complementary one in X (denoted further as X1) takes the form

u̇0 = A0u0 +F0(µ,u0 +u1),

u̇1 = A1u1 +F1(µ,u0 +u1), (7)

where

u = (u0,u1)
⊤ ∈ X = X0×X1, A0 = A |X0

, A1 = A |X1∩D(A ),
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and F j, j = 0,1 are the projections of F on X0 and X1, correspondingly. Besides,

• h(0,0) = ∂u0
h(0,0) = 0;

• if R = R0 ⊕R1, R0 : X0 → X0, R1 : X1 → X1 are linear isometries, such that

F j(µ,R0u0,R1u1) =−R jF j(µ,u0,u1), A jR j =−R jA j, j = 0,1,

then h(µ,R0u0) = R1h(µ,u0).

The assertions of Theorem 1 mean that until the inequality ||u0||< ε is valid, the solution u=

(u0,u1)
⊤ of (4) belongs to Mµ , i.e., u1 = h(µ,u0). Consequently, the set of all small bounded

solutions obeys the finite dimensional dynamic system of equations:

u̇0 = A0u0 + f0(µ,u0), f0(µ,u0) = F0(µ,u0 +h(µ,u0)). (8)

The equations (8) are called the reduced equations.

It can be shown, that for the case in question u0 =
(

A,B,A∗,B∗)⊤ [12], and the following

theorem is valid.

Theorem 2 [13]. The reduced equations (8) are approximated by the system in the normal

form

∂xA = iqA+B+ iAR
(

AA∗,
i

2
(AB∗−A∗B)

)

,

∂xB = iqB+AQ
(

AA∗,
i

2
(AB∗−A∗B)

)

+ iBR
(

AA∗,
i

2
(AB∗−A∗B)

)

up to arbitrary algebraic order with respect to µ . Here R and Q are polynomials with real

coefficients:

R(µ,u,K0) = p1µ + p2u+ p3K0 +O
(

(|µ|+ |u|+ |K0|)2
)

,

Q(µ,u,K0) = q1µ −q2u+q3K0 +O
(

(|µ|+ |u|+ |K0|)2
)

.

Under the action of the isometry R0, A → A∗, B →−B∗. The system of equations (4) has two

first integrals

K0 =
i

2
(AB∗−A∗B), H0 = |B|2−S(µ, |A|2,K0), S =

|A|2
∫

0

Q(µ,u,K0) du,

and, consequently, appears to be the integrable one.
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5 RESULTS

It can be shown with the help of (4) [12] that the reduced system (8) has solitary wave

solutions with equal phase and group speeds; the interface deviation is given by

η = 1± 2tanhhq

q2

√

2µq1

q2
cosh−1√µq1xcosqx+O(|µ|3/2),

where q1 > 0, q2 > 0 are some constants given in [4], 0 < µ ≪ 1 is chosen via the equality

λ = λ0 +µ . From the definition of dimensionless parameters λ , b and γ for µ = 0 we have

λ0

γ0
=

H4ρg

J
, V = 8

√

g3
J

ρλ 3
0 γ0

, σ0 = (b0 + c)
H

h
4

√

g3Jρ3

γ0λ 3
0

. (9)

Further, it is more convenient for us to fix b0 in (3) and consider γ0 and λ0 as functions of q:

λ0 =−b0q2

2
+

3

4
qcothq+

q2 sinh−2 q

4
,

γ0 =− b0

2q2
+

cothq

4q3
− sinh−2 q

4q2
. (10)

From (5) it follows that

λ0 = 1+

(

1

6
− b0

2

)

q2 +O(q3), γ0 =

(

1

6
− b0

2

)

q−2 − 1

45
+O(q2), q → 0,

and

λ0 →−b0

2
q2 +

3

4
q, γ →− b0

2q2
+

1

4q3
, q → ∞.

We here examine the case when b0 > 0, i.e., when the ice plate is subjected to extension,

though stable compression is also possible [14]. For small enough positive b0 the parameters

γ0 and λ0 are still positive. For example, from (9) it follows, that for H = 100 m, h = 0.5 m,

(E = 5×109 N/m2, ν = 0.3, g = 10 m/s2, ρ = 1000 kg/m3), b0 = 1/20 we have q = kH ≈ 8.7,

wave length l ≈ 72 m, the wave speed V ≈ 12.4 m s−1 and the initial pre-stress in the ice cover

σ0 ≈ 1.3×104 N m−2.

6 CONCLUSIONS

The result of the present research is an attempt to make the correspondence between theo-

retical predictions and results of measurements of waves characteristics beneath the ice, which
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are made, in particular, at the Institute of Arctic and Antarctic in Saint-Petersburg, Russia. For

theoretical description we use the full 2D Euler equations. The Euler equations involve the ad-

ditional pressure from the plate that is freely floating at the surface of the fluid. The ice cover is

modeled by an elastic Kirchhoff–Love plate and is assumed to be of considerable thickness so

that the inertia of the plate is taken into account in the formulation of the model. We consider

the self-focusing case, when envelope solitary waves exist, for which the envelope speed (group

speed) is equal to the speed of filling (phase speed). The self-focusing takes place for q ∈ I (the

lower boundary of I is zero, and the upper boundary is qc depending on h and H). When q > qc

the envelope solitary wave is replaced by the dark soliton, which is the indicator of modulation

stability [6]. Considering the case q ∈ I and analyzing envelope solitary waves for different val-

ues of parameters, according to (9), (5) we are able to find theoretical values for corresponding

wave length, wave speed and initial extension force in the ice cover.

Calculations show that even for large pre-stresses corresponding to the initial extension of

the ice plate, the wave parameters weakly depend on b0. This justifies the consideration of wave

propagation beneath the ice cover without initial pre-stress as in [7, 15].
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[9] P. Guyenne and E. I. Părău, “Finite-depth effects on solitary waves in a floating ice sheet”, Journal
of Fluids Structures 49, 242–262 (2012).
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