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Summary. We provide some new far reaching sharp extensions of some our previously
known results related with extremal problems in analytic Hardy and BMOA type function
spaces in Siegel domains of second type putting an additional condition on Bergman
representation formula. We extend some our less general sharp results obtained earlier in tube
and pseudoconvex domains.

1. NOTATIONS, DEFINITIONS AND PRELIMINARIES.

This paper is continuation of our intensive research on extremal problems in analytic
spaces in Siegel domains of second type (see for example [6], [24] and various references
there).

We first recall some basic facts on Siegel domains of second type and establish basic
notations to formulate our main theorems in Siegel domains of second type. All facts we
indicate below can be seen in [1], [2], [3], [16] and [19]. Recall first the explicit formula for
the Bergman kernel function is known for very few domains. The explicit forms and zeros of
the Bergman kernel function for Hartogs domains and Hartogs type domains (Cartan-Hartogs
domains) were found only recently. On the other hand in strictly pseudoconvex domains the
principle part of the Bergman kernel can be expressed explicitly by kernels closely related to
so-called Henkin-Ramirez kernel (see, for example, [3, 6, 20], [17] and references there). The
Bergman kernel

b((71,72), (T3, T4))

for the Siegel domain of the second type was computed explicitly (see [1], [2], [3], [16],
[19]). It is an integral via V* a convex homogeneous open irreducible cone of rank [ in R™, a
conjugate cone of V cone and which also contains no straight line and in that integral the fixed
Hermitian form from definition of D Siegel domain(see below for definition) participates.(see
for details of this [1], [2] and also an important paper [3]). This fact was heavily used in [1],
[2] in solutions of several classical problems in Siegel domains of the second type . We will
need now some short, but more concrete review of certain results from [1], [2] to make this
exposition more complete. To be more precise the authors in [1], [2] showed that on
homogeneous Siegel domain of type 2 under certain conditions on parameters the subspace of
a weighted LP space on D for all positive p consisting of holomorphic functions is reproduced
by a concrete weighted Bergman kernel which we just mentioned. They also obtain some
standard LP estimates for weighted Bergman projections in this case. The proof relies on
direct generalization of the Plancherel-Gindikin formula for the Bergman space A? (see [1],
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[2]). We remind the reader that the Siegel domain of type 2 associated with the open convex
homogeneous irreducible cone V of rank [ which contains no straight line, V < R™, and a V-
Hermitian homogeneous form F which act from product of two C™ into C™ is a set of points
(w, ) from C™*™ so that the difference D of Jw and the value of F on (z,7) is in V cone.
This domain is affine homogeneous and we now should recall the following expression for
the Bergman kernel of

D = D(V, F).

Let D be an affine-homogeneous Siegel domain of type 2. Let dv(z) or (dv(z)) denote the
Lebesgue measure on D domain and let H(D) denote the space of all holomorphic functions
on D. The Bergman kernel is given by the following formula (see [1]) for (z;,7,) € D and
(t3,T4) €D

b((71,T2), (13,74)) = (2 = (F(1,7))%479,

and we put also for m € N), b™(((t4, 75), (t3,T4)) = (712;;3 — (F(1,,7,)@4-0D™m (see [1],
[2]), where two vectors g = (q;) and d = (d;) and in addition n = (n;) , (here the i index is
running from 1 to [) are specified via n; ,, where these n; , numbers are dimensions of certain
(R; ) and (C; ;) subspaces of the certain canonical decomposition of C™*™ and R™ via the V
cone from definition of our D domain(see for some additional details about this [1], [2], [16]).
We will call this family of triples parameters of a Siegel domain D of second type. They will
constantly appear in all our main theorems. As usual H(D) is endowed with the topology of
uniform convergence on compact subsets of D.

The Bergman projection P of D is as usual the orthogonal projection of Hilbert space
L?(D, dv) onto its subspace A2(D) consisting of holomorphic functions. Moreover it is known
P is the integral operator defined on Hilbert space L?(D, dv) by the Bergman kernel b(z,{)
which for our D domains was computed for example in [3].

Let r be a real number, for example. We fix it. Since D is homogeneous the { = b({,{)
function does not vanish on D, we can set weighted LP spaces as follows.

LP(D) = LP(D,b™"(¢,§)dv({)),0 <p < oo,
(see [1], [2]).

Let p be an arbitrary positive number. The weighted Bergman space will be denoted as
usual by AP (D), it is the analytic part of LP" (D), with usual modification for p = oo case
(see [1],[2]). We put also AP° = AP(D). The so-called weighted Bergman projection P, is the
orthogonal projection of Hilbert space L?¢(D) onto A%¢(D). These facts can be found in [1],
[2]. It is proved in [1], [2] that there exist a real number &, < 0 such that A%¢(D) = {0} if
£ < gp; and that for € > ¢, P. is the integral operator defined on L?¢(D) by the weighted
Bergman kernel c.b**¢({, z). In all this our work we shall assume that & > ¢p.

The norm || ||, - of AP"(D) with r > &, is defined by

Ifllpr = (I, If@IPD77 (2, 2)dv(2))7, f € AP" (D).

with usual modification for p = oo case. Let further dvg = b=F(z,z)dv(z),B €R,z € D.
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We need some assertions (see [1], [2], [16]), namely some basic facts on Bergman kernel
and Bergman projection in Siegel domains of second type. They will be partially used by us
below in proofs of our theorems. Some proofs of these preliminaries are rather intricate [1],
[2], [16]. We indicate for readers in advance that some assertions below involving integrals
can be easily extended to m-products of Siegel domains of second type by simple application
of "one variable" result m-times by each variable separately. This procedure is well- known in
much simpler case of polydisk (see, for example, [4], [5]).

Lemma A. Let h € L*(D). Take p > p,, for a large fixed p,. Then the function

z - G(2) = [, b**P(z,Hh(dv({)

satisfies the estimate sup,cp|G(2)|b™P(z,2) < c|| h||, and G € H(D).

The following lemma is complete analogue of so-called Forelli-Rudin type estimates for
our Siegel domains of second type.(note these type estimates are well-known in simpler
domains). This lemma is extremely vital for us.

We denote by c, c; various constants in estimates which depend on parameters.

Lemma B. Let a and € be in R, ({,v) € D. Then for g > (z(;lciz:)-) and (a; — &) >
n;
: =1,...,1

(-2)(2d- Q)L
J, BTG, ), (z,w) b4 ((z,w), (2,u))dv(z,u) = cqeb* (¢, V), (,1)).
The following lemma is a version of classical reproducing Bergman formula for Bergman
spaces in Siegel domains of second type.
Lemma C. Let r be a vector of R! such that r; > ( ) foralli=1,...,landapisa
ni—2(2d—-q); (1+rl)

real number such that 1 < p < min{ —
( ) n;+2 '
l

22d-); ( =) + ( B, i = 1...1 the following equality holds P.f = f, f € AP

We list in Iemma E some other properties of Bergman kernel. The last estimate in assertion
below is an embedding theorem. It relates the so-called growth spaces with Bergman spaces.
(see also the complete analogue of this result in other simpler domains in [11, 12] and in [4,
5)]).

Lemma D. Let a € RY; a>0 or =0 ,j=1,...,1. Then |b*(({,v),(zu))| <
b ((§,v), (§,v)) and [b*(({,v) + (', v'); (z,u) + (2, u)] < cab®(({, v), ({,v)) for all
¢,v),({, V), (z,u),(Z,u)inD.Forall f € AP"(D),p >0

If WP < cb™((z,w), Zw)If I},

for all (z, ) points taken from D.

The following result is crucial for various theorems. It concerns the boundedness of
Bergman type projection in weighted Bergman spaces. Note this fact is classical in simpler
domains and it has also many applications in analytic function theory (see [4, 5]).

Proposition A. Let k and r be in R! such that k; > nit2

andr; >——,i=1,...,1L
Then Py, is bounded from LP" (D) into AP" (D) if

(2d-q); 2(2d-q);’

2ni+2-2(2d—-q);r; . 2nj+2-2(2d-q);r;

max { ) i ( Di 1} n i ( QiTi
1 ni+2-2(2d—q)ik; i=1,..,1 ni

}— g. Then for all € € R* such that

i=1,.,
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The following assertion is a base of proof of many theorems. It provides integral
representation for so-called analytic "growth space™ on Siegel domains of the second type.

Proposition B. Let r and ¢ be two vectors of R! such that g; > L7 nit?
(=2)(2d-q); 2(2d-q);
g, i=1,...,1.Let G bein H(D) so that
1G]l a2 = sup{|G(2)|b~*(z,2)} < co.
zZ€D

Then P.G = G.

The following result explains the structure of functions from Bergman spaces on Siegel
domains of second type. It is an extension of a classical theorem on atomic decomposition of
Bergman spaces in the unit disk on a complex plane (see, for example, [19] and references
there).

Proposition C. Let D c C™ be a symmetric Siegel domain of type Il, p € (
n;+2
2(2d-q);

every f € AP (D) there exists an [P sequence {A;} such that
lirta
f(@) =22 1b%P(z,2)b ? (z,2)

where {z;} is a lattice in D and the following estimate holds c||f||§,r <Yz 4P <
c1||f||§’r, where « is a special fixed vector depending on p,r and parameters of Siegel
domain (see for this vector [19]).

We denote by (),,) as usual the characteristic function of M set.

2n , 1),
2n+1
. Then there are two constants ¢ = ¢(p,r) and ¢; = ¢;(p, ) such that for

r€RY T >

2 SHARP THEOREMS FOR A DISTANCE FUNCTION IN BERGMAN SPACES IN
SIEGEL DOMAINS OF THE SECOND TYPE

In this section we show our main theorems. Extending some previously obtained our
results in tube and pseudoconvex domains to general Siegel domains.

A very important tool for us is the Forelli-Rudin estimates (see [1]). Let a, ¢ € R',
(¢(,v) € D. Then

[ (€0, ) x 4G, G0 v = cqeb™ (G €)@
D

> 6y = (o) (g = > & = (ma) (=) = L
& eo—m];xx 2(2d—q)l-'aj g > & = m}ax 202d = q), J=1,...1L

We well use also the following known estimates

(f lf(x+i(y + n),u)lpdx>p <b_(1?+r)(9? +iy,u), (X + iy, u)) <
Rn

p 14
<c ( j (f@P) x (b7 (z, z>)dv<z)> = clifll . 1)
D

(we put || fllae = supzeplf (2)[b77(2,2) < o) where (y,u) €V X C™, X € R", & = in.

108



R. F. Shamoyan, A. S. Osadchyi.

Taking sup on the left we define so-called weighted Hardy classes (Hf)(D) in Siegel
domain of second type for all 1 < p < oo, r € R, rp=—1,i=1,...,1. We refer reader for
[1], [2] for these spaces.In case of simpler domains this weighted Hardy space is well studied
by various authors during last several decades.

We will be interested in a special subspace of this space namely we consider all functions
of this functional class for which Bergman representation formula with large index is valid.
So Y is a Bergman representation subspace of H” \We assume in this paper that this subspace
is not empty.In case of simpler domains as tube,ball or polydisk this assertion is known.

If X cY,f €Y then the problem of finding estimates for dist, (f,X) appears naturally
where Y, X are two normed analytic function spaces. We hence based on (1") have a similar
dist problem between these two function spaces in Sigel domains of second type. Let D =
D; X D,. Let

(Le,f) =

(y,u) €V X Dy: (fRn lf(x+i(y + r),u)lpdx)% <b_(11'+r)(f +iy,u), (¥ + iy, u)) > e},

XeER reVv.

Then we have .

Theorem 1. D =D; XD,, D cC™ xC", D, =R"+iV. Let 1 <p < oo, ¥ > (—1). Let
f € (HY). Then for p = 1 for any Siegel domain of second type and for all p > 1 for all tube
and pseudoconvex domains we have

(diStHf(D)) (f.47) =
= (Inf) {e > 0:M(f) = fV fD [b((z.w), (z.w)] (22, ((z W), (z.w)dv) < oo},

z = ly.

Remark. Note this theorem for p = 1 and all 1 < p < o in less general tubular domains
over cones and bounded strongly pseudoconvex domains can be seen in recent papers [8],
[17]. Note also proofs of all parallel assertions in various domains are similar.

We provide full sketch of proof for general Siegel domains of second type below. For
p = 1 case.

Next we define BMOA type space in Siegel domain of second type as follows. We denote
itby BMOA, o, 7 =0, a = 0.Let

BMOA, o = {f € H(D): (( su)IéD> f If zw)| |b((z,w), (w,v))|" x

x b= 1((z,w), (z,w))dv(z,w) x b((u,v), (u,v))” < )},

(see [2], § 1). We below will prove another sharp theorem in this direction ( namely similar
type distance theorem).
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First note that the following estimate holds for Bergman Kernel in Siegel
domain.|b“((z, w), (2, ﬁ))l < c|b“((z, u), (z, u))| (z,u),(Z, %) € D, a = 0) (see [2], [1] for
this estimate).

Hence based on this estimate we have the following inequality

I lzmoa,, <c <]D If (z,w) b~ ((z,w), (z,w))dv(z, W)>,

a>l,a>r+¢g—1,r=0.

So based on this last estimate we can pose a distance problem for this BMOA -- Bergman
pair of spaces here again and then formulate the following sharp theorem on distances.

We put wave on BMOA for that subspace of BMOA space for which the Bergman
representation with large index is valid.We assume this subspace is not empty in this
paper.For simpler domains like tube,ball or polydisk this assertion is known.(see for
example[24])

Theorem 2. Let a>r+¢g —1, r=§& +1, f € BMOA,,(D), then the following
equivalence relation is valid.

(diStBMOAa,T) (f, Ar-q) =

= (Inf) {e > O:f ()(Nf((z, w), (z, w))[b((z, w), (z, W))]dv(z, W)) < 00},
D

where
Ny, = {(u,v) € D:f If z,w)| |b((z,w), (u,v))%| x
X [b((z, w), (z, W))_‘Hldv(z, W)] b‘r((u, v), (u, v)) > e}.

Remark. For the unit ball, tube and pseudoconvex domains this theorem can be seen in
recent paper [24] without condition on Bergman integral representation.Moreover the proof in
case of all domains are similar.

The proof of theorem 1. Note one part of theorem is almost trivial (see also [8] for same
type argument). Now we show the second part of our assertion.

Since f € H} we have the following intergal representation.

Few)= [ [ [ (3(€ 0. ) (&) x b7 (6,0, 6 9) av(E.v),
p, Jv Jrn

p; > 1, for large enough ry, j = 1,...,nforall (z,u) € D.

:<f~ f +f~ f >=(T1+T2)=(f2+f1)(z,u),(z,u)ED,
D, JR" D¢ JRrn
where Dy = (V x D)\(Lef), DY = L.

Then using Forelli-Rudin estimate (1) we have the following.
We first have ||f,]ly1 < c¢q€, and then also
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1illa < collfllg [ [ [6(G, )] [, (G, )] < e,
v /D9

We note these easy calculations are based only on Fubini*s theorem and Forelli-Rudin
estimate. For general 1 < p < o case we refer to [8] for the complete proof of the most
typical unbounded Siegel domain namely tubular domain case and to [17] for case of bounded
strictly pseudoconvex domain with smooth boundary. The new technical feature for p > 1
case is the combination of applications of Young and Minkowski estimates. We refer to [8]
for full proof for this case in tube domains over symmetric cones. The case p = 1 is simpler
and is valid for every Siegel domain of second type as we just showed.

Indeed using the Forelli-Rudin estimate and Fubini's theorem we have

< f If2(x + iy, W)dx|> (b‘“”)((iy, w), (i, u))) =
Rn

sc[ | [ e @) ire (@ €v)
rnJp, Jrn
a7, V)b~ Gy, w), iy, 10)
< (@9 f 142 (€, v), (2 )| b=P*147((€,v), (§,v))dV €, v)[b~O((iy,w), (iy, )]
D

< Cyé,
z =iy, y €V for large enough p; > po, j = 1,....1L
To show the second estimate note that (see [1], [2])
[be((€,v) + (&,v)); (§,v) + (", V") < co(b* (€, v), (£, 1)),

(&,v),(E,v),(¢",v'") € D, @ = 0 and hence we have again based on Forelli-Rudin estimate
the following (here we omit some simple and easy calculations).

f iz wI(b(zu), (zw) " dv(zw) < c;lIfllug M.

Now using simple standard arguments( see, for example,[ 6,8,23,24 ]) we finish the proof
of our theorem.

Theorem 1 is proved.

The proof of theorem 2. We follow arguments used in [24] for same type results in
tubular domains over symmetric cones. Applying Bergman representation formula we have if
f € BMOA,, then

f(zw) = Cf (fE)[b77(E,v), € )] x [b~C+P((§, v)(z,w))]dv(§, v),
D

(z,u) €ED,pj > po,j=1,...,n.

and where p, is large enough. Choose large p, and apply for f (&, v) one more time Bergman
formula then for f we have f = f; + f,, where
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wew=c| [ oo x (7€) b2 ((60),6.9)
x b=1*P)((£,v), (z,1)) X b=+ ((g, v), (& 17)) dv(,v)dv (£, D),
(Ew=c| fo [6=2(C& ), €. v) x (£(£.9)) x b7 ((£,9), (,9))

x b=+ (£, v), (z,w) x b=C*P) (€, v), (£, 7)) dv(§, v)dv (£, D).

p > po, P > Po, Po. Po are large enough.
We will show now using Forelli-Rudin estimate that

fillsmoare < ce lIfzllar_, < ¢,

for some constant ¢, c.
This shows one part of our theorem. Indeed, we have the following estimates using the fact
that p, p can be large enough

f If2(z, )| % [b7T*((z,w), (z,w))]dv(z,u) <
D
<c pT+1 W), (z, ”} ~ h=P ), (&,
< [ (i (@w, @) fo £(8,5)] x b0 ((€, ), (5, 9) x
X b~P ((ge ), (¢, 17)) X
x b=1*P)((£, 1), (z,1)) X b=+ ((5, v), (& 17)) dv(z,u)dv(E, v)dv(é, ) <
<c (f;%)] |F(§,9)| xp@tP ((E, v), (€, 17)) X b7P ((5 ), (¢, 17)) dv(&,7) x
v D
xf ()(Nf(z, u)) X [ ((z,w), (z,w))]dv(z,w).
”fl”BMOAna = (Sjl%j |f1(z,w) |b((Z: u), (1, 17))|a X b_aﬂ((zx w), (z, u))dv(z, u) X
i,9) Jp

x [b((@ ), @ 9)] <
< Esyp)czb((a, ), (@) |b((zw), (@ )| f (b=**1(z,u), (z,w)) X
u,v D

[ 1r@nlxs(@w. ) <o ((€9).(6.9)) x
p Jo\n;
x bAPI((&,v), (z,u)) x bOAFP) ((E, v), (& 17)) dv(&,v)dv(z,w)dv(§,7) < cy¢,

p = (a — 1), p is large enough.
Since using Forelli-Rudin estimate we have
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Villowonsa < ) | [ 16w, @91 x b6, (6,00) " x (574 (), (o))
DYD

X
x b7 ((@, 9), (@, 7)) X b ((§,v), (z,w))dv(z, W dv(§,v) < cej b((z,w), @ )| x
D

X (b™17%(z,u), (z,u))dv(z,u) X (b‘r((ﬁ, ©), (1, ﬁ))) < cs.
Let us show the reverse assertion now. We will again use Forelli-Rudin estimate. First
assume the reverse statement is valid. Then there are ¢, &, so that €,¢; >0, f;, € Al

r—1
€> El’ ||f _f:r:‘l”BMOAr'a S 81’

j [tz w)| [b((z, W), (z,w))]dv(z,w) = oo.
D
We will arrive at contradiction. Indeed let f = f — fe,- Then we have for a = (u,v) € D

M(a) = f (|f81(z, W)D (b((z, w), (z, W))_a+1) |b((z, w), (u, v))|adv(z, w) X

X (b((u, v), (u, v))_r) > b((u, v), (u, v))_rf |f (z,w)] b((z, w), (z, W))_a+1dv(z, w) =
D

B ( Sup >.]- |f€1(zf W) _f(Z' W)l b((Z, W)’ (Z’ W))_a+1 X
D

(u,v)eD
x |b((z,w), (u, v))|“dv(z, w)(b(u, v), (u,v)");

Hence M(a) = (¢ — &;) ()(Nf(a)), a € D, from here using again Forelli-Rudin estimate
we have that

el = =20 | 2, G ((2 9, G 9))) o),

S0 we arrive at contradiction with our assumption.

Now using simple standard arguments( see, for example,[ 6,8,23,24 ]) we finish the proof
of our theorem.

Theorem 2 is proved.

Remark. Finally in [23] we got sharp similar dist theorem for (A%, AP) pair in Siegel
domains of second type. We note that for (A7, Az") (p = oo case) pair such type general sharp
result can be also obtained by similar proof as in [23] without any additional condition on
Bergman representation formula since for any f, f € Ag’ in Siegel domains of second type

such representation exists (see [1], [2], [24]).
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