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Summary. In this paper we constructed the solution of the spectral boundary problem on 
ሾ0,  ሿ with zero initial function and separated boundary conditions. In this work, characteristicߨ
function is constructed and asymptotics of its large zeroes and igenvalues asymptotics of the 
operator are found. In the second part of this paper, it is assumed that two sets of eigenvalues 
are given when  ݄ ൌ 0. Under certain conditions of the linear delay, the parameters of 
operators are found. It means that we solved the inverse spectral problem using a Fourier's 
series method. 
 
1. INTRODUCTION 

 
This work is dedicated to solve the direct and inverse Sturm-Liouville problem with linear 

delay ߬ሺݔሻ ൌ ݔߙ ൅ where 0 ,ߚ ൏ ߙ ൏ 1, ߚ ൐ 0 and separated boundary conditions.  
So we will study the boundary task which is  given by  

െݕᇱᇱሺݔሻ ൅ ሻ൯ݔሺߛ൫ݕሻݔሺݍ ൌ ሻݔሺݕߣ ൌ  ሻ                                               ሺ1ሻݔሺݕଶݖ

ሻݔሺߛ ൌ ሺ1 െ ݔሻߙ െ ,ߚ ݍ א ,ଶሾ0ܮ                                                                    ሿߨ

ሻ൯ݔሺߛ൫ݕ ؠ 0, ݔ א ሾ0, , ଵሻߦ ଵߦ   ൌ  
ߚ

1 െ  ሺ2ሻ                                                      ߙ

,ᇱሺ0ݕ ሻݖ െ ,ሺ0ݕ݄ ሻݖ ൌ 0, ݄ א ܴ                                                          ሺ3ሻ 

,ߨᇱሺݕ ሻݖ ൅ ,ߨሺݕܪ ሻݖ ൌ 0, ܪ א ܴ                                                          ሺ4ሻ 

Spectral problem is defined by ሺ1,2,3,4ሻand  we will use abbreviation ܦଶݕ ൌ  The.ݕଶݖ
coefficients of ݄, ,ܪ ; delay function  ߬ሺݔሻ ൌ ݔߙ ൅  are  parameters of the ݍ and potential ߚ
operator 

ଶܦ ൌ ,ݍଶሺܦ ݄, ,ܪ ,ߙ  .ሻߚ
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2. DIRECT SPECTRAL PROBLEM 
 

In this paper, under the direct spectral problem, we mean the construction of eigenvaluesof 
the operator ܦଶ 

 
2.1. Problem (1-3) 
 
LEMMA 1. Problem (1-3) is equivalent to the Volterra integral equation 
 

,ݔሺݕ                        ሻݖ ൌ ݖݔݏ݋ܿ ൅
݄
ݖ ݖݔ݊݅ݏ ൅

1
ݖ න ݔሺݖ݊݅ݏଵሻݐሺݍ െ ሺݕଵሻݐ

௫

కభ

,ଵሻݐሺߛ  ଵ.                ሺ5ሻݐሻ݀ݖ

 
Actually , by the method of variation of constants in the equation (1) and then using the 

initial condition (2) and the boundary condition (3), equation (5) follows directly. 
Since  the function ߛሺݔሻ ൌ ሺ1 െ ݔሻߙ െ  is strictly increasing due to the ߚ

ሻݔԢሺߛ ൌ 1 െ ߙ ൐ 0.  It also has inverse function given by ିߛଵሺݔሻ ൌ ௫
ଵିఈ

൅ ఉ
ଵିఈ

. It follows 

ଵሺ0ሻିߛ ൌ ଵߦ ൌ ఉ
ଵିఈ

. 
Further  

ሻݔଶሺିߛ ൌ ሺ1 െ ݔሻଶߙ െ ሺ1 െ ߚሻߙ െ ଶሺ0ሻିߛ   and  ߚ ൌ ఉ
ଵିఈ

൅ ఉ
ሺଵିఈሻమ. 

 
We use mathematical induction to prove  
 

௟ߦ ൌ ௟ሺ0ሻିߛ ൌ
ߚ

1 െ ߙ ൅
ߚ

ሺ1 െ ሻଶߙ ൅ ڮ ൅
ߚ

ሺ1 െ ሻ௟ߙ ൌ
ߚ

1 െ ߙ ൬1 ൅
1

1 െ ߙ ൅ ڮ ൅
1

ሺ1 െ  ሻ௟ିଵ൰ߙ

 
Because ሺ1 െ א ሻߙ ሺ0,1ሻ is a geometric series 
 

෍
1

ሺ1 െ ሻ௞ߙ

ஶ

௞ୀ଴

 

 
divergent, however there is ݇଴ א ܰ such that ߦ௞బ ൏ ߨ ൏  ௞బାଵ. Thereforeߦ
 

ሺߦଵ, ሿߨ ൌ ራሺߦ௞ିଵ, ௞ሿߦ
௞బ

௞ୀଶ

׫   ൫ߦ௞బ,  ሿߨ

 
The solution of integral equation (5) is obtained by the  variable step method. So, forݔ א

ሺ0,   ଵሿsolution has the formߦ
 

,ݔሺݕ ሻݖ ൌ ݖݔݏ݋ܿ ൅ ௛
௭

 (ሺ6଴                                                                ݖݔ݊݅ݏ
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In the sequel, we use the  functions 

ܽ௦௖ሺݔ, ሻݖ ൌ න  ሺݐଵሻ݊݅ݏሺݔ െ ଵݐଵሻ݀ݐሺߛݖݏ݋ଵሻܿݐ

௫

కభ

 

ܽ௦మሺݔ, ሻݖ ൌ න  ሺݐଵሻ݊݅ݏሺݔ െ ଵݐଵሻ݀ݐሺߛݖ݊݅ݏଵሻݐ

௫

కభ

 

The solution ݕሺݔ, ,ଵߦሻ on the intervalሺݖ   ଶሿ is given withߦ
 

,ݔሺݕ ሻݖ ൌ ݖݔݏ݋ܿ ൅
݄
ݖ ݖݔ݊݅ݏ ൅

1
ݖ ܽ௦௖ሺݔ, ሻݖ ൅

݄
ଶݖ ܽ௦మሺݔ,  ሻ                                  ሺ6ଵሻݖ

 
Now, we introduce the recurrence relations  
 

ܽ௦ೖ௖ሺݔ, ሻݖ ൌ න  ሺݐଵሻܽ௦ೖషభ௖ሺߛሺݐଵሻ, ݇       ଵݐሻ݀ݖ ൌ 2,3, … , ݇଴ 
௫

కೖ

 

ܽ௦ೖశభሺݔ, ሻݖ ൌ න  ሺݐଵሻܽ௦಼ሺߛሺݐଵሻ,        ଵݐሻ݀ݖ

௫

కೖ

                                                   

 
On the intervals ሺߦ௟, ݈  ௟ାଵሿߦ ൌ 1,2, … , ݇଴ the solution has the form  
 

,ݔሺݕ ሻݖ ൌ ݖݔݏ݋ܿ ൅
݄
ݖ ݖݔ݊݅ݏ ൅ ෍

1
௞ݖ

௟

௞ୀଵ

൤ܽ௦ೖ௖ሺݔ, ሻݖ ൅
݄
ݖ ܽ௦ೖశభሺݔ,  ሻ൨                         ሺ6௟ሻݖ

 
2.2. Construction of characteristic functions of operator ܦଶ 
 

In the following discussion, we will use the solution ݕሺݔ, ,௞బߦሻon the interval൫ݖ   ሿ, whichߨ
is contained in ൫ߦ௞బ,  ௞బାଵ൧ߦ

,ݔሺݕ ሻݖ ൌ ݖݔݏ݋ܿ ൅
݄
ݖ ݖݔ݊݅ݏ ൅ ෍

1
௞ݖ

௞బ

௞ୀଵ

൤ܽ௦ೖ௖ሺݔ, ሻݖ ൅
݄
ݖ ܽ௦ೖశభሺݔ,  ሻ൨                     ሺ6௞బሻݖ

 
After differentiation, it follows that  
 

ݕ݀
ݔ݀

ሺݔ, ሻݖ ൌ െݖݔ݊݅ݏݖ ൅ ݖݔݏ݋݄ܿ ൅ ෍
1

௞ିଵݖ

௞బ

௞ୀଵ

൤ܽ௖௦ೖషభ௖ሺݔ, ሻݖ ൅
݄
ݖ ܽ௖௦ೖሺݔ,  ሻ൨           ሺ6Ԣ௞బሻݖ

 
Where  
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ܽ௖௦ೖషభ௖ሺݔ, ሻݖ ൌ න  ሺݐଵሻܿݖݏ݋ሺݔ െ ,ଵሻݐሺߛଵሻܽ௦ೖషభ௖ሺݐ         ଵݐሻ݀ݖ
௫

కೖ

 

ܽ௖௦ೖሺݔ, ሻݖ ൌ න  ሺݐଵሻܿݖݏ݋ሺݔ െ ,ଵሻݐሺߛଵሻܽ௦ೖሺݐ         ଵݐሻ݀ݖ
௫

కೖ

݇ ൌ 1, ݇଴തതതതതത 

 
We will use the abbreviations 
 

ܽ௖௦ೖషభ௖ሺߨ, ሻݖ ൌ ܽ௖௦ೖషభ௖ሺݖሻ , ܽ௖௞ሺߨ, ሻݖ ൌ ܽ௖௦ೖሺݖሻ                                        

ܽ௦ೖ௖ሺߨ, ሻݖ ൌ ܽ௦ೖ௖ሺݖሻ,   ܽ௦ೖశభሺߨ, ሻݖ ൌ  ܽ௦ೖశభሺݖሻ  ݇ ൌ 1, ݇଴തതതതതത 
 
Using the boundary condition (4) we obtain  the characteristic function F as  
 

ሻݖሺܨ            ൌ ൬െݖ ൅
ܪ݄
ݖ ൰ ݖߨ݊݅ݏ ൅ ሺ݄ ൅ ݖߨݏ݋ሻܿܪ ൅ 

൅ ෍ ൜
1

௞ିଵݖ ܽ௖௦ೖషభ௖ሺݖሻ ൅
1

௞ݖ ൣ݄ܽ௖௦ೖሺݖሻ ൅ ሻ൧ݖ௦ೖ௖ሺܽܪ ൅
ܪ݄

௞ାଵݖ ܽ௦ೖశభሺݖሻൠ                    ሺ7௞బሻ
௞బ

௞ୀଵ

 

 
The function F is the whole exponential function with apparent singularity with ݖ ൌ 0. 

Because ܨሺെݖሻ ൌ ௡ሻݖሺܨ ሻ is a even function and fromݖሺܨ ൌ 0 it follows ܨሺെݖ௡ሻ ൌ 0. In the 
circle |ݖ െ ݊| ൌ  ௡ functionݖ ௡is small enough, there is exactly one zeroݎ ௡, where the radiusݎ
F. The result is proved for the ordinary case without delay in ሾ3ሿ, and the constant delays 
proof is given in ሾ9ሿ. 
 
2.3. Partial transformation of functions F 

 
If  ݇଴ ൌ 1 then we have: 
 

ሻݖሺܨ ൌ ൬െݖ ൅
ܪ݄
ݖ ൰ ݖߨ݊݅ݏ ൅ ሺ݄ ൅ ݖߨݏ݋ሻܿܪ ൅ ܽ௖మሺݖሻ ൅ 

൅
1
ݖ

ሺ݄ܽ௖௦ሺݖሻ ൅ ሻሻݖ௦௖ሺܽܪ ൅
ܪ݄
ଶݖ ܽ௦మሺݖሻ                                                ሺ7ଵሻ 

 
Further  
 

ܽ௖మሺݖሻ ൌ
1
2 න ߨ൫ݖݏ݋ଵሻ൛ܿݐሺݍ െ ሺݐߙଵ ൅ ሻ൯ߚ ൅ ߨሾݖݏ݋ܿ െ ሺሺ2 െ ଵݐሻߙ ൅ ଵݐሻሿൟ݀ߚ

గ

కభ

           ሺ8ଵሻ 

ܽ௦௖ሺݖሻ ൌ
1
2 න ߨ൫ݖ݊݅ݏଵሻ൛ݐሺݍ െ ሺݐߙଵ ൅ ሻ൯ߚ ൅ ߨൣݖ݊݅ݏ െ ൫ሺ2 െ ଵݐሻߙ ൅ ଵ               ሺ8ଶሻݐ൯൧ൟ݀ߚ

గ

కభ
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ܽ௦మሺݖሻ ൌ
1
2 න ߨ൫ݖݏ݋ଵሻ൛ܿݐሺݍ െ ሺݐߙଵ ൅ ሻ൯ߚ െ ߨሾݖݏ݋ܿ െ ሺሺ2 െ ଵݐሻߙ ൅ ଵݐሻሿൟ݀ߚ

గ

కభ

             ሺ8ଷሻ 

ܽ௖௦ሺݖሻ ൌ
1
2 න ߨ൫ݖ݊݅ݏଵሻ൛ݐሺݍ െ ሺݐߙଵ ൅ ሻ൯ߚ െ ߨሾݖ݊݅ݏ െ ሺሺ2 െ ଵݐሻߙ ൅ ଵݐሻሿൟ݀ߚ

గ

కభ

              ሺ8ସሻ 

 
In the following work,we will define  so-called transitive function ݍ෤േ  
 

1
1 2 1 2 1 1, , ( )

2 2 2 2
1 2 1 1( ) , ( ), ( )

2 2 2 2
1 10, 0, ( ),
2 2

q q

q q

θ β θ β θ ξ τ π
α α α α

θ βθ θ τ π π τ π
α α

θ π τ π π

±

⎧ − +⎛ ⎞ ⎛ ⎞ ⎡ ⎞± ∈⎜ ⎟ ⎜ ⎟ ⎟⎪ ⎢− −⎝ ⎠ ⎝ ⎠ ⎣ ⎠⎪
⎪ +⎛ ⎞ ⎛ ⎤= ± ∈ −⎨ ⎜ ⎟ ⎜ ⎥− −⎝ ⎠ ⎝ ⎦⎪
⎪ ⎡ ⎞ ⎛ ⎤∈ ∪ −⎪ ⎟ ⎜⎢ ⎥⎣ ⎠ ⎝ ⎦⎩

%                  ሺ9ሻ 

 
By introducing a new variable 2ߠଵ ൌ ଵݐߙ ൅ ଶߠand 2 ߚ ൌ ሺ2 െ ଵݐሻߙ െ  and using (9) ߚ

from (8௜)  ݅ ൌ 1,4., it follows that  
 

ܽ௖మሺݖሻ ൌ න ߨሺݖݏ݋ሻܿߠ෤ାሺݍ െ ߠሻ݀ߠ2 ൌ
గ

଴

෤ܽ௖
ାሺݖሻ                                               

ܽ௦௖ሺݖሻ ൌ න ߨሺݖ݊݅ݏሻߠ෤ାሺݍ െ ߠሻ݀ߠ2 ൌ
గ

଴

෤ܽ௦
ାሺݖሻ                                      ሺ10ሻ 

ܽ௖௦ሺݖሻ ൌ න ߨሺݖ݊݅ݏሻߠ෤ିሺݍ െ ߠሻ݀ߠ2 ൌ
గ

଴

෤ܽ௦
ିሺݖሻ                                                 

ܽ௦మሺݖሻ ൌ න ߨሺݖݏ݋ሻܿߠ෤ିሺݍ െ ߠሻ݀ߠ2 ൌ െ
గ

଴

෤ܽ௖
ିሺݖሻ                                             

Based on (10) function ሺ7ଵሻ is rewritten as follows  
 

ሻݖሺܨ  ൌ ൬െݖ ൅
ܪ݄
ݖ ൰ ݖߨ݊݅ݏ ൅ ሺ݄ ൅ ݖߨݏ݋ሻܿܪ ൅ ෤ܽ௖

ାሺݖሻ ൅
1
ݖ
 

൅
1
ݖ ቀܪ ෤ܽ௦

ାሺݖሻ ൅ ݄ ෤ܽ௦
ିሺݖሻቁ െ

ܪ݄
ଶݖ ෤ܽ௖

ିሺݖሻ                                                    ሺ11ሻ 
 
Remark: For ݇଴ ൒ 2 transformation of function F can be realized but this procedure will not 
be discussed now. 
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2.4. The asymptotic behaviour of  large  zeroes of the function F 
 

Let us introduce the following number series  

෤ܽേ
ଶ௡ ൌ න ෨ܾേ  ;ߠ݀ߠ2݊ݏ݋ሻܿߠ෤േሺݍ

ଶ௡ ൌ න ଶ௡ܾ  ;ߠ݀ߠ2݊݊݅ݏሻߠ෤േሺݍ
േכ ൌ න  ሺ12ሻ                    ߠ݀ߠ2݊݊݅ݏሻߠ෤േሺݍߠ

గ

଴

   
గ

଴

 
గ

଴

 

 
We know that  
 

௡ݖ ൌ ݊ ൅
ܿଵ௡

݊ ൅
ܿଶ௡

݊ଶ ൅ ܱ ቀ
ܿଵ௡

݊ଷ ቁ,              ሺ  ܽݏ ݊ ՜ ∞ሻ                                   ሺ13ሻ 

is valid. 
Based on (13) and (12) we can write 
 

௡ݖߨ݊݅ݏ ൌ ሺെ1ሻ௡ ቂ
ଵ௡ܿߨ

݊ ൅
ଶ௡ܿߨ

݊ଶ ൅ ܱ ቀ
ܿଵ௡

݊ଷ ቁቃ     ሺ ܽݏ  ݊ ՜ ∞ሻ                           ሺ13ଵሻ 

௡ݖߨݏ݋ܿ ൌ ሺെ1ሻ௡ ൅ ܱ ൬
1

݊ଶ൰    ሺ ܽݏ  ݊ ՜ ∞ሻ                                            ሺ13ଶሻ 

෤ܽା
௖ሺݖ௡ሻ ൌ ሺെ1ሻ௡ ෤ܽା

ଶ௡ ൅
1
݊ ൣሺെ1ሻ௡ܿߨଵ௡ ෨ܾା

ଶ௡ ൅ ሺെ1ሻ௡ାଵ2ܿଵ௡ܾଶ௡
േכ൧ ൅ ܱ ቀ

ܿଵ௡

݊ଶ ቁ               ሺ13ଷሻ 

෤ܽା
௦ሺݖ௡ሻ ൌ ሺെ1ሻ௡ାଵܾଶ௡

േ ൅ ܱ ቆ
ܿଵ௡ ෤ܽേ

ଶ௡

݊ ቇ                                            ሺ13ସሻ 

Based on the relation ሺ13௞ሻ ݇ ൌ 0,1,2,3,4 from (11), we obtain 
 

௡ሻݖሺܨ ൌ ሺെ1ሻ௡ାଵ ቂܿߨଵ௡ ൅
ଶ௡ܿߨ

݊ ቃ ൅ ሺെ1ሻ௡ାଵሺ݄ ൅ ሻ൅ሺെ1ሻ௡ܪ ෤ܽା
ଶ௡ ൅

1
݊ ൣሺെ1ሻ௡ܿߨଵ௡ ෨ܾା

ଶ௡ ൅ 

ሺെ1ሻ௡ାଵ2ܿଵ௡ܾଶ௡
േכ൧ ൅

1
݊ ൣሺെ1ሻ௡ାଵܪ ෨ܾା

ଶ௡ ൅ ሺെ1ሻ௡ାଵ݄ ෨ܾି
ଶ௡൧ ൅ ܱ ቀ

ܿଵ௡

݊ଶ ቁ ൌ 0 
 
Therefore, 

          ܿଵ௡ ൌ
1
ߨ

ሺ݄ ൅ ሻܪ ൅
1
ߨ ෤ܽା

ଶ௡ 

ܿଶ௡ ൌ
݄
ߨ ൫ ෨ܾା

ଶ௡ െ ෨ܾି
ଶ௡൯ െ

2
ଶߨ ሺ݄ ൅ ሻܾଶ௡ܪ

േכ ൅ ܱ൫ ෨ܾା
ଶ௡൯                     ሺ14ሻ 

 
In this way, we have proved a solution and we give it in the following theorem: 

 
Theorem 1: If  ݍ א ,ଶሾ0ܮ ሿ  andߨ ఉ

ଵିఈ
൏ and ఉ ,ߨ

ଵିఈ
൅ ఉ

ሺଵିఈሻమ ൒  ௡ of function Fݖthen zeroes  ߨ
have following asymptotics:  
 

௡ݖ ൌ േ ቄ݊ ൅
ܿଵ௡

݊ ൅
ܿଶ௡

݊ଶ ൅ ܱ ቀ
ܿଵ௡

݊ଷ ቁቅ               ሺܽݏ ݊ ՜ ∞ሻ                             ሺ15ሻ 
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where are ܿଵ௡ and ܿଶ௡ given by (14). 
 
The consequence 1: Eigenvalues of operator ܦଶ have the following asymptotic decomposition 
 

௡ߣ ൌ ݊ଶ ൅ 2ܿଵ௡ ൅
2ܿଶ௡

݊ ൅ ܱ ቀ
ܿଵ௡

݊ଶ ቁ , ሺܽݏ  ݊ ՜ ∞ሻ                                 ሺ15ଵሻ 
 
3. INVERSE SPECTRAL TASK 
 

Determination of the parameters ݍ, ݄, ,ܪ  represents the solution of  inverse ߚ ݀݊ܽ ߙ
spectral problem. It is based on the given values of  operators. We assume that two series 
݆ ௡௝ߣ ൌ 1,2 ݊ א ଴ܰof own values, which are  obtained by varying the boundary conditions on 
the right end of the segment, are given. In addition, an initial function is identically equal to 
zero at some distance from ሾ0,  ௡௝and  asymptoticߣ ሿ. So, the series have its own valuesߥ
decomposition forms: 

௡௝ߣ ൌ ݊ଶ ൅ ௝ܿ ൅ ෤ܽା
ଶ௡ ൅ ܱ ቆ

෨ܾା
ଶ௡

݊ ቇ,      ሺ݊ ՜ ∞ሻ                                           ሺ16ሻ 

where ௝ܿare numbers that do not depend on ݊, and ෤ܽା
ଶ௡ is the cosine Fourier coefficient of 

some of the functions ݍ෤ା which is identically equal to zero in the intervalas ቂ0, ఔ
ଶ
ቃ and ሾߤ,  .ሿߨ

We assume that the numbers ఔ
ଶ
  and ߤ are known. 

 
3.1. Basic identitiy  

 
According to Hadamard's theorem,  we can reconstruct the characteristic function ܨ௝ of 

operator ܦଶ in the form of 
 

ሻݖ௝ሺܨ ൌ ଴௝ߣߨ ෑ
௡௝ߣ

݊ଶ ቆ1 െ
ଶݖ

଴௝ߣ
ቇ ෑ ቆ1 െ

ଶݖ

௡௝ߣ
ቇ                                               ሺ17ሻ

ஶ

௡ୀଵ

ஶ

௡ୀଵ

 

 
Parameters ߚ ݀݊ܽ ߙ are  obtained from the system of linear equations: 
 

ߚ ൅ ߙߥ ൌ  ߥ

ߚ ൅ ߨߙ ൌ 2ሺߨ െ  ሻߤ
 
From this follows:  

ߙ ൌ
2ሺߨ െ ሻߤ

ߨ െ ߥ  ; ߚ     ൌ ߥ
ߤ2 െ ߨ
ߨ െ ߥ                                                           ሺ18ሻ 

 
Let, 

ߚ
1 െ ߙ ൏ ߨ ൑

ߚ
1 െ ߙ ൅

ߚ
ሺ1 െ ሻଶߙ                                                          ሺ19ሻ 
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The condition (19) means that the characteristic function of the operator ܦଶሺݍ, ݄, ,ܪ ,ߙ  ሻߚ
has the form (11).Therefore, we start from the basic identities  

ሻݖ௝ሺܨ ൌ ቆെݖ ൅
௝ܪ݄

ݖ ቇ ݖߨ݊݅ݏ ൅ ൫݄ ൅ ݖߨݏ݋௝൯ܿܪ ൅ ෤ܽ௖
ାሺݖሻ ൅ 

൅
1
ݖ ቀܪ௝ ෤ܽ௦

ାሺݖሻ ൅ ݄ ෤ܽ௦
ିሺݖሻቁ െ

௝ܪ݄

ଶݖ ෤ܽ௖
ିሺݖሻ                                           ሺ20ሻ 

 
where a ܨ௝ ݆ ൌ 1,2 are given by (17). 
 
3.2. Determination of coefficients ݄, ݆   ௝ܪ ൌ 1,2. 

 
From (16) it follows directly: 

௝ܿ ൌ lim
௡՜ஶ

൫ߣ௡௝ െ ݊ଶ൯ 

Based on  the necessary conditions, from(14) and ሺ15ଵሻ we get thefollowing equation:  
2
ߨ ൫݄ ൅ ௝൯ܪ ൌ ௝ܿ    ݆ ൌ 1,2.                                                                    ሺ21ଵሻ 

From (20) when ݖ௡ ൌ ቀ2݊ ൅ ଵ
ଶ
ቁ   ݊ ൌ 1,2, …we have 

௝ܪ݄ ൌ lim
௡՜ஶ

൬2݊ ൅
1
2൰ ൤ܨ௝ ൬2݊ ൅

1
2൰ ൅ ൬2݊ ൅

1
2൰൨ ൌ ௝݀  ݆ ൌ 1,2.                     ሺ21ଶሻ 

From ሺ21ଶሻ we have: 

ଶܪ  ൌ
݀ଶ

݀ଵ
 ଵ                                                                                ሺ21ଷሻܪ

From ሺ21ଵሻ follows ܪଶ െ ଵܪ ൌ గ
ଶ

    ሺܿଶ െ ܿଵሻ                                                                             ሺ21ସሻ 

From ሺ21ଷሻ and ሺ21ସሻ we get  

ଵܪ ൌ
ሺܿଶߨ െ ܿଵሻ
2ሺ݀ଶ െ ݀ଵሻ ݀ଵ                                                                    ሺ21ହሻ 

and then  

ଶܪ ൌ
ሺܿଶߨ െ ܿଵሻ
2ሺ݀ଶ െ ݀ଵሻ ݀ଶ                                                                     ሺ21଺ሻ 

݄ ൌ
2
ߨ  ·

݀ଶ െ ݀ଵ

ܿଶ െ ܿଵ
                                                                         ሺ21଻ሻ 

Conclusion: Two given series of its own values of the operator ܦଶclearly define the 
coefficients ݄, ,ଵܪ  ଶܪ
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3.3. The formation of integral equation according to the transition function 
 
First, we will define the function: 

ሻݖሺܣ ൌ
ሻݖଵሺܨଶܪ െ ሻݖଶሺܨଵܪ

ଶܪ െ ଵܪ
൅ ݖߨ݊݅ݏݖ െ  ݖߨݏ݋݄ܿ

(22) 

ሻݖሺܤ            ൌ ݖ
ሻݖଶሺܨ െ ሻݖଵሺܨ

ଶܪ െ ଵܪ
െ ݖߨ݊݅ݏ݄ െ ݖ         ݖߨݏ݋ܿݖ א  ܥ

From the system (20), we obtain: 
 

෤ܽ௖
ାሺݖሻ ൅ ݄

෤ܽ௦
ିሺݖሻ
ݖ ൌ  ሻݖሺܣ

(23) 

෤ܽ௦
ାሺݖሻ െ ݄

෤ܽ௖
ିሺݖሻ
ݖ ൌ  ሻݖሺܤ

 
We should point out  the following facts: 
 

lim
௭՜଴

෤ܽ௦
ାሺݖሻ ൌ lim

௭՜଴

෤ܽ௖
ିሺݖሻ
ݖ ൌ lim

௭՜଴
ሻݖሺܤ ൌ 0                                                    ሺ24ሻ 

 
By applying partial integration, we obtain: 
 

෤ܽ௖
ିሺݖሻ
ݖ ൌ න ߠሻ݀ߠ෤ିሺݍ

ሻߨሺ߬ݖݏ݋ܿ
ݖ െ 2 න න ݖ݊݅ݏଵߠଵሻ݀ߠ෤ିሺݍ

ఏ

కభ
ଶ

గିఛሺగሻ
ଶ

కభ
ଶ

గିఛሺగሻ
ଶ

కభ
ଶ

ሺߨ െ  ߠሻ݀ߠ2

 
Based on (24)  it follows that the integral is equal to zero: 
 

න ߠሻ݀ߠ෤ିሺݍ ൌ 0                                                                       ሺ25ሻ

గିఛሺగሻ
ଶ

కభ
ଶ

 

 
It follows: 

෤ܽ௖
ିሺݖሻ
ݖ ൌ െ2 න න ݖ݊݅ݏଵߠଵሻ݀ߠ෤ିሺݍ

ఏ

కభ
ଶ

గିఛሺగሻ
ଶ

కభ
ଶ

ሺߨ െ  ሺ26ሻ                                       ߠሻ݀ߠ2

 
We get:  
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෤ܽ௦
ିሺݖሻ
ݖ ൌ 2 න න ݖݏ݋ଵܿߠଵሻ݀ߠ෤ିሺݍ

ఏ

కభ
ଶ

గିఛሺగሻ
ଶ

కభ
ଶ

ሺߨ െ  ሺ27ሻ                                      ߠሻ݀ߠ2

 
By using (26) and (27), the relation (23) becomes a system (28)  
 

෤ܽ௖
ାሺݖሻ ൅ 2݄ න න ݖݏ݋ଵܿߠଵሻ݀ߠ෤ିሺݍ

ఏ

కభ
ଶ

గିఛሺగሻ
ଶ

కభ
ଶ

ሺߨ െ ߠሻ݀ߠ2 ൌ  ሻݖሺܣ

(28) 

෤ܽ௦
ାሺݖሻ ൅ 2݄ න න ݖ݊݅ݏଵߠଵሻ݀ߠ෤ିሺݍ

ఏ

కభ
ଶ

గିఛሺగሻ
ଶ

కభ
ଶ

ሺߨ െ ߠሻ݀ߠ2 ൌ  ሻݖሺܤ

 
Identities (28) are equivalent to infinite systems of equations which areobtained in: 
 

௡ݖ ൌ ݉,    ݉ א ଴ܰ. 

2
ߨ න ߠ݀ߠ2݉ݏ݋ሻܿߠ෤ାሺݍ ൅

2݄
ߨ න ቎න ߠ݀ߠ2݉ݏ݋ଵܿߠଵሻ݀ߠ෤ିሺݍ

ఏ

଴

቏ ൌ ሺെ1ሻ௠ 2
ߨ ሺ݉ሻܣ

గ

଴

         
గ

଴

 

2
ߨ න ߠ݀ߠ2݉݊݅ݏሻߠ෤ାሺݍ ൅

4݄
ߨ න ቎න ߠ݀ߠ2݉݊݅ݏଵߠଵሻ݀ߠ෤ିሺݍ

ఏ

଴

቏ ൌ ሺെ1ሻ௠ାଵ 2
ߨ ሺ݉ሻܤ

గ

଴

        
గ

଴

 

Theorem 2: The following relations are valid 
 

lim
௠՜ஶ

ሺ݉ሻܣ ൌ lim
௠՜ஶ

ሺ݉ሻܤ ൌ 0 
 
Proof of theorem 2 follows directly from the asymptotic series ߣ௡௝ , the identities (17) and 

the relation (22). 
Consequence 2: Sequences  

ܽଶ௡
௙ ൌ

ሺെ1ሻ௠

ߨ2  ሺ݉ሻ                                                            ሺ29ଵሻܣ

ܽଶ௡
௙ ൌ

ሺെ1ሻ௠ାଵ

ߨ2  ሺ݉ሻ                                                              ሺ29ଶሻܤ

represent respectively cosine and sine Fourier's coefficients of a function ݂ א ,ଶሾ0ܮ  .ሿߨ
Multiplying ሺ29ଵሻ with ܿݔ2݉ݏ݋, and ሺ29ଶሻ with ݔ2݉݊݅ݏ for ݉ א ܰ and then ݉ ൌ 0 from 

ሺ29ଵሻ, we get the relation  
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1
ߨ න ߠሻ݀ߠ෤ାሺݍ ൅

2݄
ߨ

గ

଴

න නሺݍ෤ିሺߠଵሻ݀ߠଵሻ݀ߠ ൌ ܽ଴
௙

ఏ

଴

గ

଴

 

 
Summarizing for ݉ we get  

ሻݔ෤ାሺݍ ൅ 2݄ න ߠሻ݀ߠ෤ିሺݍ ൌ ݂ሺݔሻ
௫

଴

 

Respectively: 

ሻݔ෤ାሺݍ െ ݂ሺݔሻ ൌ െ2݄ න ݔ     ,ߠሻ݀ߠ෤ିሺݍ א ሾ0, ሿ                                               ሺ30ሻߨ
௫

଴

 

 
Remark: The integral equation (30) is the Volterra integral equation. It is fulfilled with the 
transition function ݍ෤േሺݔሻ in the whole interval ሾ0,  ሻis identically equal to zeroݔ෤േሺݍ ሿ. Sinceߨ
inቂ0, ଵ

ଶ
ξଵቁ׫ቀπ െ ଵ

ଶ
τሺπሻ, πሿ, the actual significance of the equation (30) is reduced to the 

interval ቂଵ
ଶ

,ଵߦ ߨ െ ଵ
ଶ

߬ሺߨሻቃ. 
 
3.4. Solving the integral equation (30) 

 
We assume ݄ ൌ 0 
If ݀ଵ ൌ ݀ଶ ൌ 0 according to ܪଵ ് ݄ ଶ must beܪ ൌ 0, then must be ܪଵ ൌ గ

ଶ
ܿଵ and ܪଶ ൌ

గ
ଶ

ܿଶ.  
In this case, equation (30) is simplified and becomes  
 

ሻݔ෤ାሺݍ ൌ ݂ሺݔሻ,    ݔ א ቀଵ
ଶ

ଵߦ , ߨ െ ఛሺగሻ
ଶ

ቃ                                       (31) 
 
Based on the definition of the function ݍ෤ାሺݔሻwhich is given by (9),at a distance ቂఛሺగሻ

ଶ
, ߨ െ

ଵ
ଶ

߬ሺߨሻቃ, the relation (31) becomes 

ሻݔሺݍ ൌ ሺ2 െ ሻ݂ߙ ൭ቀ1 െ
ߙ
2ቁ ݔ െ

ߚ
2൱ , ݔ א ൤

ߨߙ ൅ ߚ2
2 െ ߙ ,  ൨                                 ሺ32ሻߨ

Using (32), the potential ݍ at a distance ݔ א ቂఈగାଶఉ
ଶିఈ

, ቃ when݄ߨ ൌ 0 is determined. 

At a distance ቂߦଵ, ఈగାଶఉ
ଶିఈ

ቃ, the potentital ݍ will be successively determined using (9). 
 
Theorem 3 : There are single partitions of segments 
 

ሾߦଵ, ሿߨ ൌ ራሾݐ௞ାଵ, ;௞ሿݐ  ൤
1
2 ,ଵߦ

1
2 ߬ሺߨሻ൨ ൌ ራቀߠ௞ାଵ

ሺଵሻ , ௞ߠ
ሺଵሻቁ

ஶ

௞ୀ଴

ஶ

௞ୀ଴

 

101



Milenko Pikula, Ismet Kalčo, Fatih Destović 

 
 

൤
1
2 ,ଵߦ ߨ െ

1
2 ߬ሺߨሻ൨ ൌ ራቂߠ௞ାଵ

ଶ , ௞ߠ
ሺଶሻቃ

ஶ

௞ୀ଴

 

where is  

ሺଵሻߠ ൌ
௑ߙ ൅ ߚ

2 ሺଶሻߠ ; ൌ
ሺ2 െ ሻܺߙ െ ߚ

2 , ଴ݐ             ൌ ,ߨ ஶݐ    ൌ  ଵߦ

ஶߠ
ሺଵሻ ൌ

1
2 ஶߠ                         ଵߦ

ሺଶሻ ൌ
1
2  ଵߦ

଴ߠ
ሺଵሻ ൌ

1
2 ߬ሺߨሻ                   ߠ଴

ሺଶሻ ൌ ߨ െ
1
2  ߬ሺߨሻ 

So that is valid ߠሺଵሻሺݐ௞ሻ ൌ ௞ߠ
ሺଵሻ ൌ ௞ାଵሻݐሺଶሻሺߠ ൌ ௞ାଵߠ

ሺଶሻ        for every ݇ א ଴ܰ(33).  

Proof : Let's  ݇ ൌ 0. Then ߠሺଵሻሺݐ଴ሻ ൌ ሻߨሺଵሻሺߠ ൌ ଴ߠ
ሺଵሻ ൌ ଵሻݐሺଶሻሺߠ ൌ   ሺଶሻ isߠ

ଵݐ ൌ ൫ߠሺଶሻ൯ିଵቀߠ଴
ሺଵሻቁ ൌ

2 · 1
2 ߬ሺߨ ൅ ሻߚ
2 െ ߙ ൌ

ߨߙ ൅ ߚ2
2 െ ߙ  

In the following, let's ݇ ൌ 1 . Then from (33), it follows  
 

ଵሻݐሺଵሻሺߠ ൌ ଵߠ
ሺଵሻ ൌ

ߨଶߙ
2 െ ߙ ൅

ߚߙ2
2 െ ߙ ൅ ߚ ൌ ଶሻݐሺଶሻሺߠ ൌ ଶߠ

ሺଶሻ ൌ
ሺ2 െ ଶݐሻߙ െ ߚ

2  
 
Then we get 

ଶݐ ൌ
ߨଶߙ

ሺ2 െ ሻଶߙ ൅
ߚߙ2

ሺ2 െ ሻଶߙ ൅
ߚ2

2 െ  ߙ

For ݇ ൌ 2 in (33) we obtain: 
 

ଶሻݐሺଵሻሺߠ ൌ ଶߠ
ሺଵሻ ൌ

1
2 ቈ

ߨଷߙ
ሺ2 െ ሻଶߙ ൅

ߨଶߙ2
ሺ2 െ ሻଶߙ ൅

ߚ2
2 െ ߙ ൅ ቉ߚ ൌ

ሺ2 െ ଷݐሻߙ െ ߚ
2 ൌ ଷߠ

ሺଶሻ 

 
From this follows: 
 

ଷݐ ൌ ఈయగ
ሺଶିఈሻయ ൅ ଶఈమగ

ሺଶିఈሻయ ൅ ଶఈఉ
ሺଶିఈሻయ ൅ ଶఉ

ଶିఈ
  

 
From the cases ݇ ൌ 0,1,2,3, we anticipate formula 
 

௟ݐ ൌ ቀ
ߙ

2 െ ቁߙ
௟

ߨ ൅
ߚ2

2 െ ߙ ൤ቀ
ߙ

2 െ ቁߙ
௟ିଵ

൅ ቀ
ߙ

2 െ ቁߙ
௟ିଶ

൅ ڮ ൅
ߙ

2 െ ߙ ൅ 1൨                    ሺ34ሻ 
 
Let us prove by using the  mathematical induction that (34) is valid for every ݈ א ଴ܰ. Since 

the evidence was implemented for ݈ ൌ 0,1,2,3 , we assume that (34) is valid for any l. Prove 
that it is also  true  for ݈ ൅ 1.  
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From (33),  we have  

௞ሻݐሺଵሻሺߠ ൌ ௟ߠ
ሺଵሻ ൌ

1
2

ሾݐߙ௟ ൅ ሿߚ ൌ
1
2 ቊ

௟ାଵߙ

ሺ2 െ ሻ௟ߙ ߨ ൅
ߚߙ2

2 െ ߙ ൤ቀ
ߙ

2 െ ቁߙ
௟ିଵ

൅ ڮ ൅ 1൨ ൅  ቋߚ

According to (33) it  should be equaltoߠ௟ାଵ
ሺଶሻ ൌ ௟ାଵߠ

ሺଶሻ ൌ ଵ
ଶ

൫ሺ2 െ ௟ାଵݐሻߙ െ  ൯ߚ
Therefore, 

௟ାଵݐ ൌ ቀ
ߙ

2 െ ቁߙ
௟ାଵ

ߨ ൅
ߚ2

2 െ ߙ ൤ቀ
ߙ

2 െ ቁߙ
௟

൅ ቀ
ߙ

2 െ ቁߙ
௟ିଵ

൅ ڮ ൅
ߙ

2 െ ߙ ൅ 1൨ 

(34) is proved for any ݈ א ଴ܰ. 
In addition, we have 

lim
௟՜ஶ

௟ݐ ൌ lim
௟՜ஶ

൝ቀ
ߙ

2 െ ቁߙ
௟

ߨ ൅
ߚ2

2 െ ߙ ෍ ቀ
ߙ

2 െ ቁߙ
௞

௟ିଵ

௄ୀ଴

ൡ ൌ
ߚ2

2 െ ߙ lim
௟՜ஶ

1 െ ቀ ߙ
2 െ ቁߙ

௟

1 െ ߙ
2 െ ߙ

ൌ
ߚ

1 െ ߙ ൌ  ଵߦ

Similarly, we can prove that  

lim
௟՜ஶ

௟ߠ
ሺଵሻ ൌ

1
2 ଵߦ ൌ lim

௟՜ஶ
௟ߠ

ሺଶሻ 

is valid. 
This theorem 3 is proved. 
The result of the theorem 3 allows us to constructe the potential ݍ and to use the relation 

(9) at the distance ሾݐ௞ାଵ, ,௞ሿݐ ݇ א ܰ, which shows us  the connection between q෤ and q.  
For ݔ א ሾݐଶ,  ଵሿ, we getݐ

ሻݔሺݍ ൌ െ
ߙ

2 െ ߙ ݍ ൬
ߙ ൅ ߚ2
2 െ ߙ ൰ ൅ ݂ߙ ൬

ݔߙ ൅ ߚ
2 ൰ 

Further, for ݔ א ሾݐଷ,   ଶሿݐ

ሻݔሺݍ ൌ െ
ߙ

2 െ ߙ ݍ ൬
ݔߙ ൅ ߚ2

2 െ ߙ ൰ ൅ ݂ߙ ൬
ݔߙ ൅ ߚ

2 ൰ 

Following this procedure, we obtain the potential ݍ  at a distance ሾݐ௞ାଵ, ,௞ሿݐ ݇ א ܰ using 
already specified potential ݍ at a distanceሾݐ௞ାଵ, ,௞ሿݐ ݇ א ܰ.  In this way we have proved our 
fundamental  statement which follows. 
 
Theorem: Let two series ߣ௡௝of eigenvalues of  operators ܦଶ൫ݍ, 0, ,௝ܪ ,ߙ ݆   .൯ߚ ൌ 1,2are given 
and let 0 ൏ ఉ

ଵିఈ
൏ andߨ ఉ

ଵିఈ
൅ ఉ

ሺଵିఈሻమ ൒  where the asymptotic relations hold ߨ

݆݊ߣ ൌ ݊ଶ ൅ ௝ܥ ൅ ෤ܽା
ଶ௡ ൅ ܱ ቆ

෨ܾା
ଶ௡

݊ ቇ                                                 ሺ݊ ՜ ∞ሻ 

When the series ෤ܽା
ଶ௡is the series of cosine coefficients Fourier's expansion of a function 

෤ݍ א ,ଶሾ0ܮ ߥ  ሿ, and besides such that there existߨ ൏ ሻݔ෤ሺݍ such that ߤ ؠ ݔ  0 א ቂ0, ଵ
ଶ

ቃߥ ׫ ሾߤ,  ሿߨ
then the numbers ߙ, ,ߚ ,ଵܪ   .are uniquely defined ݍ ଶ and potentialܪ
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