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ON MULTIPLIERS OF SOME NEW ANALYTIC MZ4 MNP
AND MeP> TYPE SPACES AND RELATED SPACES ON THE
UNIT POLYDISC

ROMI F. SHAMOYAN ! AND OLIVERA R. MIHIC 2

ABSTRACT. We study certain new spaces of coefficient multipliers of new an-
alytic Lizorkin-Triebel type spaces ME?, MP»>:® and M°P:* and related
analytic spaces in the unit polydisc with some restriction on parameters. Our
results extend some previously known assertions on coefficient multipliers of
classical analytic Bergman A% and analytic weighted Hardy HE type spaces in
the unit disk. Many results are new even in onedimensional case of unit disk.
We define and study also spaces of multipliers of some new analytic Besov type

spaces in polydisk.

1. INTRODUCTION

The goal of this paper is to continue the investigation of spaces of coefficient
multipliers of analytic M4, and related F2¢ Lizorkin - Triebel type spaces in the
unit polydisc including ¢ = co and p = oo limit cases. This probably started before
in [16], [17]. These F?? and MP? type spaces including limit p = co and ¢ = oo
cases serve as a very natural extension of the classical Hardy and Bergman spaces
in the unit polydisc simultaneously. Spaces of Hardy and Bergman type in higher
dimension were studied intensively by many authors during past several decades,
see for example [21], [5], [7], [12], [13], [14] and references therein. The investigation

in this new direction of F?'9, and related M?-? type classes in the unit polydisc was
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started in recent papers of the second author, see [16], [17], [18]. We note that
complete analogues of these classes and their pointwise multipliers in the unit ball
were studied also in recent papers of Ortega and Fabrega, see [12], [13], [14] and
references therein. See also [1], [7], [20] for some other properties of these new
analytic F29 MP-9 type classes and related spaces in the unit disk or subframe
and expanded disk. Below we list notations and definitions which are needed and
in the next section we formulate and prove main results of this note. The paper
will be devoted mainly to the study of multipliers of M?:? classes including limit
cases ¢ = 0o and p = oo and related 1?9 spaces.

Let D = {z € C: |z| < 1} be the unit disc in C, T=09D = {z € C: |z| = 1},
D™ is the unit polydisc in C", T" C 9JD" is the distinguished boundary of D™,
Zy ={n € Z:n > 0}, Z7 is the set of all multi indexes and I = [0,1).

We use the following notation: for z = (21,...,2,) € C" and k = (ky,..., k) €
Zn we set 2F = Mgk and for 2z = (21,...,2,) € D" and v € R we set
(I—=]z)"=0—=]z1])Y - (I=]|zn])Y and (1—2)Y = (1 —21)7 -+ (1 — 2,,)". Next, for
z € R" and w € C" we set wz = (w121,...,Wn2y,). Also, for k € Z"} and a € R we
set k+a= (k1 +a,...,k,+a). For z=(21,...,2,) € C" we set Z = (Z1,...,%n).
For k € (0, +00)™ we set T'(k) = T'(ky) - - T(kn).

The Lebesgue measure on C" 22 R?" is denoted by dV (z), normalized Lebesgue
measure on T" is denoted by d§ = d¢; . ..d¢, and dR = dR; ...dR,, is the Lebesgue
measure on [0, +00)™.

The space of all functions holomorphic in D™ is denoted by H(D"). Every f €
H(D™) admits an expansion f(z) = Zkezi arpz®. For B > —1 the operator of

fractional differentiation is defined by

(k
(1) DPf(z) Z I‘ﬂJr—;ﬁ—il;ir)l)akzk’ z e D".
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For f € HD"),0 <p < oo and r € I™ we set

) wtrn = [ ireopa)”

with the usual modification to include the case p = co. For 0 < p < co we have

analytic Hardy classes in the polydisc:
3) HP(D") ={f € HD") : | fllar = sup My (f,7) < oo}
rel™

For n = 1 these spaces are well studied. The topic of multipliers of Hardy spaces
in polydisc is relatively new, see for example [21], [22]. These spaces are Banach
spaces for p > 1 and complete metric spaces for all other positive values of p. Also,
for 0 < p <00, 0< ¢ < ooand o> 0 we have mixed (quasi) norm spaces, defined

below.

(4)  An9(D") = {fGH(]D)" 11 7/ MI(f, R)(1 — R)*® 1dR<oo}

If we replace the integration by I™ above by integration by unit interval I then we
get other similar to these F?-? analytic spaces but on subframe and we denote them
by BP¢ These spaces are Banach spaces for cases when both p and ¢ are bigger
than one, and they are complete metric spaces for all other values of parameters.
We refer the reader for these classes in the unit ball and the unit disk to [21], [12],
[13], [14] and references therein. Multipliers between AP spaces on the unit disc
were studied in detail in [8].

As is customary, we denote positive constants by C, sometimes we indicate
dependence of a constant on a parameter by using a subscript, for example Cj,.

We define now the main objects of this paper.
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For 0 < p,q < oo and o > 0 we consider Lizorkin - Triebel spaces F?-4(D") =

F2:9 consisting of all f € H(D™) such that

p/q
) = [ ([ 1sropa - meetar) e < .

It is not difficult to check that those spaces are complete metric spaces, if
min(p,q) > 1 they are Banach spaces. If we replace the integration by I™ above
by integration by unit interval I then we get other similar to these F29 analytic
spaces, but on subframe and we denote them by T2-4. If we replace the integration
by T above by integration by unit circle T then we get other similar to these F29
analytic spaces, but on expanded disk and we denote them by MZ2-9.

All these TP-? and MP9 classes are new (including limit cases when one of indexes
is equal to co) and so far there are only several papers in literature devoted to the
study of their properties. It is not difficult to check that those spaces are complete
metric spaces, if min(p,q) > 1 they are Banach spaces. We note that this scale
of spaces includes, for p = ¢, weighted Bergman spaces A2 = FEP | see [5] for a

q
detailed account of these spaces. On the other hand, for ¢ = 2 these spaces coincide
with Hardy - Sobolev spaces namely H? = Fﬁ’Tfl , for this well known fact see [21],

[1] and references therein. Finally, for o > 0 and 3 > 0 we set
(6) Az~ (D")={f € HD"): [|fa=s= = Séllri(Moo(Dafv r)(1—r)’ < oo}

This space is a Banach space. For all positive values of p and s we introduce
the following three new spaces. We note first replacing ¢ by oo in a usual way we
will arrive at some other spaces (limit case of FP'¢ classes). The limit space case
FP->°:5(D") is defined as a space of all analytic functions f in the polydisc such that
the function ¢(§) = sup,.cn |f(r&)[(1 —1r)°, £ € T™ is in LP(T", d§).

If we replace the ”integration” by I"™ above by integration by unit interval I then
we get other similar to these analytic spaces FP>°°*(D") but on subframe and we

denote them by T2:°°. If we replace the integration by torus 7™ above by integration



by unit circle T' then we get other similar to these analytic spaces FP:°%¢(ID™)but
on expanded disk and we denote them by MP:°*. Finally, the limit space case
AP>os(D™)) s,p € (0,00), is the space of all analytic functions f in the polydisc

such that

sup M,(f,r)(1 —r)° < oo.
reln

These last spaces the so called weighted Hardy spaces are well studied by many
authors for many decades see for this for example [5] and many references there.

Obviously the limit FP-°°° space is embedded in the last space we defined. This
simple observation concerns also TP°*% MP->** and will be used in this note. It
can be checked by standard manner that these four classes of spaces are Banach
spaces for all p > 1 and they are complete metric spaces for all other positive values
of p.

The following definition of coefficient multipliers is well known in the unit disk.

We provide a natural extension to the polydisc setup.

Definition 1. Let X and Y be quasi normed subspaces of H(D™). A sequence
c= {Ck}kezi is said to be a coefficient multiplier from X to Y if for any function
flz) = Zkezi arz¥ in X the function h = M, f defined by h(z) = Zkezi crapz”

is in Y. The set of all multipliers from X to Y is denoted by M7 (X,Y).

The problem of characterizing the space of multipliers (pointwise multipliers and
coefficient multipliers) between various spaces of analytic functions is a classical
problem in complex function theory, there is vast literature on this subject, see [4],
[5], [8], [9] and references therein. Note our results do not provide characterizations
but all are in higher dimension for certain new classes of functions which were never
considered before and they present obvious interest from our point of view. In this
paper at the same time we are looking for some extensions of some already known

theorems, namely we are interested in spaces of multipliers acting into analytic

13
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Lizorkin-Triebel F2-9, TP9 MP-9 spaces and all related spaces we defined above in
the unit polydisc and from these spaces into certain well studied classes like mixed
norm spaces, Bergman spaces and Hardy spaces. We note that the analogue of this
problem of description of spaces of multipliers in R™ for various functional spaces
in R™ was considered previously by various authors in recent decades, for these we
refer the reader to [23]. We note the study of spaces of multipliers of nonanalytic

classes of functions is also a large area of research.

2. ON COEFFICIENT MULTIPLIERS OF ANALYTIC LIZORKIN - TRIEBEL TYPE

MEA, FP9 AND TF9 SPACES IN THE UNIT POLYDISC

We start this section with several lemmas which will play an important role in
the proofs of all our results. We note that these assertions can serve as direct
natural extensions of previously known one dimensional results to the case of sev-
eral complex variables. The following lemma in dimension one is well-known, see
[16], [5], [6] and references therein. This is a several variables version of the so
called Littlewood - Paley formula, see [6], which allows to pass from integration
on the unit circle to integration over unit disk. We omit a simple proof which fol-
lows from a straightforward technical computation based on orthonormality of the

trigonometric system, similarly to the classical planar case.
Lemma 1 ([17]). For f,g € H(D™), r € I"™ and o > 0 we have

(7) - flrt)g(rt)dt = (20)" |

n
—2a
7”j X
=1

X/O /0 / D("Hg(Rg)f(rE)jl;[l(r?—R?)aRl--~Rnde§.

The first part of the following lemma was stated in [17]. This lemma provides
direct connection between mixed norm spaces and standard AP Bergman classes

in higher dimensions. A detailed proof of the first part can be found in the cited



paper of the second author and the proof of the second part is just a modification

of that proof. We again omit details refereing the reader to [17].

Lemma 2. Let 0 < max(p,q) < s <1 and a > 0. Then we have

1/s

(8) </]D>" |f(’w)|5(1 - |w)3(a+;)2dV(w)> < CH]“||F£,Q7 fe Ff{’q(ID)"),

1 1/s
(9) (/n |f(w)]*(1 — |w)3(a+p)—2dV(UI)> < CHf”Agﬂ7 f € AP(Dn).

The following lemma is crucial for all proofs of necessity of multiplier condi-
tions in our main results. It provides explicit estimates of the denominator of the
Bergman kernel in various (quasi) norms in polydisc which appear in this note.
Again these estimates are known and can be found in [16], [17], [18]. Let us note
that the Bergman kernel in polydisc is a product of n one dimensional Bergman
kernels. This fact often allows one to reduce calculations in several variables to the

already classical one dimensional case, see for example [5] and references therein.

Lemma 3 ([16]). Let 0 < p,q < oo and set

1
EISE 6>-1, Rel", zeD"

(10) fr(z) = (A= Ra)P

Then we have the following partially known (quasi) norm estimates:

C 1
(11) HfRHAg’Q(]D)n) < (1_R)ﬁ—a—1/p+1’ ﬂ>a—1+5,
C 1
(12) ||fRHF£*’1(D71) S (1_R)5_0¢_1/P+1’ 6>Oé—1+];

Lemma 4 ([16]). Let 0 < p,q < oo and set

1
(13) fR(Z):W, 8>-1, RelI", zecD"

Then we have the following partially known (quasi) norm estimates:

C 1
(14) HfR”Ap’OC'O‘(D") < (1 _ R)B_W_I/P"Fl’ 6 >a—1+ 57

15



16

ROMI F. SHAMOYAN AND OLIVERA R. MIHIC

C 1
(15) IRl e ny < A Rpaipr B> a1+

The following two lemmas are new even in case of unit disk.

Lemma 5. Let 0 < p,q < 0o and set

1
T 8>—-1, Rel™, e D"

(16) fr(z) = W

Then we have the following (quasi) norm estimates:

C «
(17) HfR”T”""”“(D”) < (1— R)ﬁ—%—l/p+1’ s> n +1/p=1,
C «
1 o qa(pr) K =T, ——1,
(18) Il fR Il 7o a0 (Dny < AR =0 B> -
C o
(19) HfR||T§‘q(D") S (1 _ R)ﬁi%il/p%kl, /6 > E + 1/p_ 1.

Note that if we consider M type spaces then we always assume below R € [.

Lemma 6. Let 0 < p,q < co and set

1 n
(20) fr(z) = G B> -1, Rel, zeD".

(1 - Rz)

Then we have the following (quasi) norm estimates:

C 1
(21) /Rl 20 @ny < (1 — R)(B—a+Dn=1/p’ B>a—1+ "’
C
(22) 1 fRllaro0a.5 (on) < (A= R)B+Dn’ p>s—1,
C 1
(23) ||fR||Mp,oo,w(]D)n) S (1 — R)(ﬁ—()é+1)7l—1/p7 ﬂ > o — 1 —+ nip

The following lemma follows from Lemma 2, but we include it here to stress its

importance for later proofs.
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Lemma 7 ([5]). If0 <v <1,¢qg>1—2andt > 0 then we have, for every

fe HD) :

1/v
2 [ 1rwlra - v <o ([ 1wl - )

n

The proof of this lemma shows that if we replace here (1 — |w|)? by (1 — |w|r)?,

where r € I", then the integrand on the right hand side changes to
(1= [w|r) ™ (1 — [w])** 72| f(w)[",
and conditions on parameters in this estimate will be
1
—<wv<l.
g = V=

The proof of this last statement is a modification of the well-known proof of Lemma
7, therefore we omit easy details. This will be used below by us in the proof of one
of the main results of this paper taken from [17].

The first assertions we formulate provide conditions which are necessary, but not
in general sufficient, in cases when all indexes are different in pairs of mixed norm
spaces we consider in this note. By this we mean spaces of coefficient multipliers
from FP-? spaces to Ags spaces in the polydisc, and conversely. Even these asser-
tions are more general than those that are present in the literature, see [5], a large
survey article [21] by V. Shvedenko and more recent work [2], [3], [4] by O. Blasco,
J. L. Arregui and M. Pavlovié.

Since the proof of our main theorem contains in some sense proofs of all prelimi-
nary easy observations which we put below before formulation of main theorem we
provide only complete sketches of proofs of these observations.

Let g € HD"), g(z) = Zkem cpzt I ¢ = {ektrezn is a coefficient multiplier

from AP9 to F ;’S where ¢t < s, then the following condition holds:

(25) sup My(D™g,r)(1 — r)ﬁer*o‘*%H < 00,
reln
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where m is any number satisfying m > a — 5+ 1% -1

Moreover the last condition is a necessary condition for the following cases when
we consider multipliers from F29 to Atﬁ’s or from FP9 to Fg,’s for ¢ <s.

However, we add additional conditions when we look at multipliers into Lizorkin-
Triebel type spaces. These conditions appear due to the first embedding in the

following chain
t,s t,s t,00
Fgm— A5 — Aj

of embeddings. The first embeddings holds for ¢ < s and follows directly from
Minkowski inequality. The second embedding is a well known classical fact and it
holds for all strictly positive s, ¢ and 3, see, for example, [5], [12], [13].

In all of the above cases of necessity of condition (25) proof follows directly from
Lemma 3 and the above embeddings in combination with the closed graph theorem
which is always used in such situations, see the proof of theorem below as a typical
example. We remark in addition that in the case of multipliers into Lizorkin-Triebel
spaces we should use both embeddings, in the other case only the second one. We
omit details referring readers to the proof of the first part of Theorem 1. We will see
this necessary condition on a multiplier which we just mentioned holds also when
s < t, moreover we will show that it is sharp in this case.

If s = o0 and o = v + r, then the condition (25) is again necessary when
considering multipliers from F?? into A%™. We again omit a proof which is a
modification of arguments of the proof which we see below and which we will repeat
several times. We continue this paper with series of necessary conditions, these are
new assertions on limit case spaces FP:°>% TP:%5  N[P:o:7 - NP7 which as we
indicated above are defined analogously to the F?:¢ spaces, the only difference being
replacement of inner (quasi) norm L? by L° norm and integration interval or the
interval by which the supremum is taken. We also constantly use in arguments

an obvious fact that the weighted Hardy spaces AR°° contain FP°* classes in



the polydisc and the easily visible modification of this fact when we replace the
integration interval or the interval by which the supremum is taken.

Namely, we look for estimates on the rate of growth of a function g which rep-
resents a coefficient multiplier into the above described space. Again proofs are
parallel to the one presented in the proof of Theorem 1.

We again assume that g =), ezn cx2* is analytic in polydisc, by an estimate of

the rate of growth of g we mean the following:

(26) sup M,(D™g,r)(1 —7)" < o0, p,7 € (0,00).
reln

and

(27) sup M,(D™g,r)(1 —r)" < oo, p,7 € (0,00).
rel

Note it is obvious if the first condition holds then the second one also holds with
otherr namely with n7. The condition (26) (or) and the one after it is typical and
often a necessary condition for {Ck}kezi to be a multiplier in many, many cases
(not only for this paper) and in that case 7 depends on parameters involved and
can be explicitly specified for each pair of spaces separately using Lemma 3. We
provide below several new results for spaces we study in this note. Note all these

results here and below are new even in one dimensional case of unit disk.

Proposition 1. Assume 0 < v < 00 and 0 < p < oo. If a sequence {Ck}keZL; is a
multiplier from HY to TP°°7, then the function g = ZkeZi cp2* satisfies condition
(27) witht=(m+1—-1/v)n+~, m=(m+1—-1/v)n, 7 > 0.

Assume 0 < s < 00, 0 < p < 00, 0 < g < oo. If a sequence {cx}trezn is a
multiplier from F59 to TP °7 then the function g = Zkem cp 2" satisfies condition

(27) witht=(m+1-1/s—an+~v, m=(m+1-1/s—a)n, 71 > 0.

19
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Assume 0 < s < 00, 0 < p < 00, 0 < g < oo. If a sequence {Ck}k621 is a
multiplier from A2 to TP then the function g = Zkezi cu2® satisfies condition

(27) witht=(m+1-1/s—an+~, 1 =(m+1-1/s—a)n, 71 > 0.

We provide the proof of only one assertion the rest is similar and we leave that

to reader.

Proof. Assume {ck }rezn € My (Fy?(D™), TP°7(D")) . An application of the closed
graph theorem gives ||[M.f|7p.~~ < C|f|lpse. Let w € D" and set f,(z) =
W7 Guw = M. f,. Then we have

1
D™gy, =D"M.fp =MD" f, =CM,————
which, together with the estimate from Lemma 3, gives

1
(1 —wz)m+l

C

ppa = (=)o 7

(28) ||Dmgw||Tp,oo,'v S C H

From here we get what we need. U

The analogue of the assertion we just proved for M - type spaces is the following.

Proposition 2. Assume 0 < v < 00 and 0 < p < 0o. If a sequence {Ck}kezi s a
multiplier from HY to MP-°°7 | then the function g = ZkeZi ck2¥ satisfies condition
(26) witht=m+14+~v—1/v,m =m+1—-1/v, 74 > 0.

Assume 0 < s < 00, 0 < p < o0, 0< q< oo. If a sequence {Ck}kezi s a mul-
tiplier from 3 to MP>>7 then the function g = Ekeli ck2¥ satisfies condition
(26) witht=m+14+~v—1/s—a,m=m+1—-1/s—a, 71 > 0.

Assume 0 < s < 00, 0 < p < o0, 0< q< oo. If a sequence {Ck}kezi s a mul-
tiplier from AZ? to MP>°7, then the function g = ZkeZi ck2® satisfies condition

(26) witht =m+1+~y—1/s—a, 1 =m+1-1/s—a, 7 >0.

We provide the proof of only one assertion the rest is similar and we leave that

to reader.
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Proof. Assume {c}rezn € Mp(F3%(D"), MP>>7(D")). An application of the
closed graph theorem gives || M. f|[arp.00v < C| f||gsa. Let w € D™ and set f,,(2) =

ﬁ, Guw = M. fy,. Then we have

m m m 1
D"gy = D" M f, = M:.D waCMcW7
which, together with the estimate from Lemma 3, gives

1
(1 —wz)m+l

C
< .
- (1 _ ‘w|)m7(x71/s+1

(29) 1D gl apoer < C H

Fy1
From here we get what we need. [J

In next assertions we consider remaining ”limit” cases of M *-P-Y T°*PY gspaces.
If the T°°P7 quazinorm of D™gp, R € (0, 1) is less or equal to ﬁ for constant
C' then we say that g function satisfies condition (A), if the MY quazinorm of

D™ggr, R € (0,1) is less or equal to ﬁ for constant C, R € I", then we say

that ¢ function satisfies condition (B).

Proposition 3. Assume 0 < v < o0 and 0 < p < oo. If a sequence {Ck}kezi s a
multiplier from HY to T°%P7, then the function g = Zkezi cu2® satisfies condition

(A) withT=(m+1-1/v)n, 7> 0.

Proposition 4. Assume 0 < s < 00, 0 < p < 00, 0 < q < 0. If a sequence
{ertrezn is a multiplier from F39 to T°P7, then the function g = Zkezg cpz®

satisfies condition (A) with = (m+1—1/s —a)n, 7 > 0.

Proposition 5. Assume 0 < s < 00, 0 < p < 00, 0 < q < oo. If a sequence
{ertrezn is a multiplier from AZ? to T°P7, then the function g = ZkeZi cp 2"

satisfies condition (A) with T =(m+1—1/s —a)n, 7 > 0.

We formulate three more propositions and then provide proofs.
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Proposition 6. Assume 0 < v < 0o and 0 < p < co. If a sequence {@c}keZi s a
multiplier from HY to M°P7 | then the function g = Zkezi cx2® satisfies condition

(B) withm=(m+1—1/v)+~, 7>0.

Proposition 7. Assume 0 < s < 00, 0 < p < 00, 0 < q < 0. If a sequence
{ektrezn is a multiplier from F39 to M°*P, then the function g = Zkezg cpz®

satisfies condition (B) withT=(m+1—-1/s—a)+~, 7> 0.

Proposition 8. Assume 0 < s < 00, 0 < p < 00, 0 < ¢ < oo. If a sequence
{ertrezn is a multiplier from A9 to M°*P7, then the function g = ZkeZi cp 2"

satisfies condition (B) witht=(m+1—1/s—a)+~, 7> 0.

Proofs of assertions of this and previous propositions are similar hence we restrict
ourselves to the proof of last proposition considering as example only one case here.

We consider only one case since proofs of other cases are similar.

Proof. Assume {cg}rezy € Mp(F3%(D"™), M°P7(D")). An application of the closed

1

graph theorem gives || M. f||prrv < C| f||psa. Let w € D™ and set fo,(2) =

T—wz’
gw = M. f,,. Then we have
D"g,, = D" M,f, = M.D"f,, = OMy————
(1 —wz)m+l
which, together with the third estimate from Lemma 3, gives
I e i I e
The rest is clear. O

Proofs of all other cases are similarly into these FP:°*>® and F°P>* we leave this
to readers. Note all these results are new even in one dimensional case of unit disk.
The following theorem on multipliers is sharp and it is taken from our previous

paper [17] and concerns again analytic F?'9 type spaces in polydisk (for finite p, q).



We include it for completness of our exposition and for further use, since the suffi-
ciency part leads to some new assertions concerning analytic 729 and MP?9 Lizorkin
- Triebel type spaces which we introduced above. To add using this theorem below
various new results on M and T - type analytic spaces on subframe and expanded
disk which we defined above we have to repeat arguments of this theorem using at
very last step various embeddings connecting ”standard” Bergman- type spaces on
polydisk with Bergman - type spaces on subframe and expanded disk(see [19], [20]

and see also end of paper).

Theorem 1. Let g € H(D"), g(z) = ZkeZi crzF. Assume 1 < s <t < oo,

O<p,q§1,0<max(p,q)Ssgl,t(a+%)<2,m€Nandm>%—1.

12 {ektrezy € MT(Fg’q(D”),AgS(D")) if and only if

31 su MtD Tl—Tml%fg < 00.
p 9,
TeI‘n,

2° {enrezy € Mr(AZ9(D"), A (D)) if and only if

(32) sup My(D™g,r)(1 — T)m+17%+ﬁ7a < 0.
reln

We can remark that the above mentioned embedding A2:9 — FP% p > ¢ (which
follows from Minkowski’s inequality) allows us to deduce sufficiency of condition
(32) from part 1° of the above theorem under additional condition p > ¢q. However,
this additional condition can be dropped with help of the second part of Lemma 2.
Hence we will omit the complete proof of second part providing only the complete

sketches of it.

Proof. 1° We are interested only on sufficiency part. The other part almost repeats
arguments we had above. Hence we will omit it. Assume (31) holds and choose

f € FP1(D"). Set h = M.f and choose n € T, r € I™. Then we have, using

23
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Lemma 1:

(33) h(r’n) = . f(rnb)g(rt)dt

= [ D™g(RE)f mg/ / H —R3)™ 'Ry ... R,dRdE.

Tn

The last expression can be transformed by a change of variables R = rp and we

obtain an estimate

(34) [n(rp)<C | D7) (rpe) f(rpnf) H 1—p3)"™ dpd
=C | (D" (rp€) f (rpnd)| H — p3)" " dpdé.
Now we apply Lemma 7 to an analytic function D™g(rz)f(rnz) and obtain

@) bl <C [ (D" ronk) BICET I

Next we integrate over n € T™. This yields, taking into account (31):

o) [ menlar=c [ [ [ 10m el el (- 5 dpdedn

- C/ . (D™ g) (rp&) | ME(F, 7p)(1 — p?) M+ D=2dpde

IN

C / | M rp) (1= rp) HRITOTETD (L = p) (D2 dpde

IA

O/ ME(f,rp)(1 —rp) PP "2dpde - t(m +1) > 2
n I'Vl

<c / |Frw)] (1 — rluw]) @ BHP =24y ().

Now we apply Lemma 7 with v = s/t and with (1 — r|w]|)? instead of (1 — |w]|)?

where ¢ = t(% — B+ a) — 2 (see comments after Lemma 7). This gives

(37) M;(h,1*) <C 5 [ (rw) (1= rfw])> @ PERIZ2 (] — a2/ 720V (w).



Next we integrate both sides over r € I"™. This gives

1Pl :/1 Mg (h, R)(1— R)**~'dR

<C 1-R Bs—1 R s (1 _ |w|)25/t—2 v .
<c [ a-mpt [l e Y @)
_ s/t—2
_ Rp)Bs—1 s (1 - |wl|)?
<C In(l R) / / |f(rRE)| (1_le)_s(a_ﬁﬂ/p)ﬂs/tdrdeg
_ s/t—2
= s _ R)\Bs—1 (1= |w])?
_C/n . M;(f,rR)(1 - R) (1_R|w|)7s(a75+1/p)+2s/tdrdR

2s/t—2 A rs (1 — R)ﬁ571
< C/n(l — )22 N(f ) /I a _TR)S(B_Q_l/p)+28/thdT

<C | M:(fr)1—r)ett/n=2g,

In

At the last the assumption t(«a + 1/p) > 2 allowed us to use the following well

known estimate:

1
(1-R)* 12
~ 7 _dR<C(l-r)*" 0< 1
| GogamaR < c=nT 0<ra,
valid for & > —1 and A > a + 1. Finally, Lemma 2, specifically embedding (8),
allows us to conclude that HhHAgS < C|fllgpa.

The proof of sufficiency in the AP9 case goes along the same lines, the only

difference being use of embedding (9) instead of (8) at the last step. O

We remark that the above theorem was announced in [17] without proof.

We add new results on multipliers of analytic 729 and MZE9 type spaces on
subframe and expanded disk which were defined by us above. We note there is no
sharp result in this list below. Nevertheless these assertions are new even in case of
unit disk and these assertions complete the picture related with this problem from
our point of view. To get proofs of these assertions for T2'9 type classes we have to

repeat arguments used above in proofs of previous assertions in combination with

25



26

ROMI F. SHAMOYAN AND OLIVERA R. MIHIC

the following estimate which can be found in [20].

/ [Ta-ERr)0-RTdR<C [ —r)~oFnt7,
k=1 k=1

where for all k, r, € (0,1), k = 1,...,n. We note here the same estimate (with
modulus ) is true if we replace ry by zx, 2z € C for all k = 1,...,n where 7 > —1
and o > %—i— ~. Note as a corollary of this estimate we have the spaces of multipliers
of classes on subframe contain the dimension 7 in all cases we consider below. This

differs with what we had above in same situation.

Proposition 9. Assumem > —1—a/n+1/q. If a sequence {Ck}kezi is a multiplier
from T2 to P27 then the function g = ZkeZi crz® satisfies condition (26) with
T=m+1l+r+a/n—1/q pq,s € (0,00).

Assume m > —1 — a/n + 1/q. If a sequence {Ck}kem is a multiplier from T2*°
to A2 then the function g = ZkeZi ci2® satisfies condition (26) with T =
m+1l4+r+a/n—1/q, p=o0, ¢,s € (0,00).

Assume m > —1 — a/n + 1/q. If a sequence {Ck}kem is a multiplier from T2
to AP then the function g = Zkezi cpz® satisfies condition (26) with T = m +

1—|—7“—|—04/n—1/q, paQ75€(07OO)'

Proposition 10. Assume m > —1 — a/n. If a sequence {ck}rezy is a multiplier
from T°%% to FP°T  then the function g = Zkezi cxz® satisfies condition (26)
witht=m+1+7r+a/n, p,s € (0,00).

Assume m > —1—a/n+1/q. If a sequence {cy}rezn is a multiplier from T°%*
to AS>®°) then the function g = Zkezi cr2® satisfies condition (26) with T =
m+1l4+r+a/n, p=oco, qs € (0,00).

Assume m > —1—a/n+1/q. If a sequence {cy}rezn is a multiplier from T°%*
to AP*° then the function g = Zkezi cr2® satisfies condition (26) with 7 = m +

1+r+a/n, p,q,s € (0,00).



Proposition 11. Assume m > —1—a/n+1/q. If a sequence {cx}rezy is a multi-
plier from T%°%% to FP°"  then the function g = Zkezi cx2® satisfies condition
(26) witht=m+14+r+a/n—1/q, p,q,s € (0,00).

Assume m > —1—a/n+1/q. If a sequence {Ck}kem is a multiplier from T9°%
to AS>®°) then the function g = ZkeZi ci2® satisfies condition (26) with T =
m+1l4+r+a/n—1/q, p=o0, q,s € (0,00).

Assume m > —1—a/n+1/q. If a sequence {cy}trezn is a multiplier from T4
to AP:*° then the function g = Zkezi ci2® satisfies condition (26) with 7 = m +

1+r+a/n—1/q, p,q,s € (0,00).

Similarly we can find necessary conditions if a sequence {cj} kezn s a multiplier
from T7% to AJ®P, from T2® to H*, from T%® to Bl, T to Aqﬁ’p, 2% to Fg’p,
the last two cases have similarities with the theorem we proved above, so we refer
the reader also to that theorem, the Bl is a Bloch space (see, for example, [1], [5]).
It is another problem to consider multipliers into T' type spaces. To get necessary
conditions on multipliers from F9 or AP to Tg’s, s < r we have to repeat the
related implication in simple proof of theorem we provided above a little using
estimates for fr function from lemma above and also the following probably known
assertion sup,erM(f,7)(1 —7)? < 0 if f € Tg’s, s < r, with related estimate for
quazinorms, see [20]. We leave this procedure to readers.

We find finally some new (even for case of unit disk) estimates for spaces of
multipliers of analytic mixed norm MP? 4 type classes which is one of the main topic
of this paper, including limit cases. These results can be formulated as follows.
Note we should repeat arguments we used above several times in combination with
the estimate in lemma above for fr function in M°*%% M2 M2 classes. We

have the following assertions.
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Proposition 12. If a sequence {Ck}kem 1s a multiplier from M2? to FP°>" then
the function g = Zkezi cr2® satisfies condition (26) with R; = R, 7 = (m — a +
n—1/s+r,7m >0, s,q,p € (0,00).

If a sequence {Ck}kezi is a multiplier from M3 to A2, then the function
g= Zkezi cr2® satisfies condition (26) with R; = R, 7= (m —a+1)n—1/s+7,
p=o00,7>0, sq€ (0,00).

If a sequence {Ck}k621 is a multiplier from M2>? to AP>°, then the function
g= Zkezi cr2® satisfies condition (26) with R; = R, 7 = (m—a+1)n—1/s+r,7 >

0, s,q,p € (0,00).

Proposition 13. If a sequence {Ck}kezi is a multiplier from M°%% to FP-°oT
then the function g = Zkem cx 2" satisfies condition (26) with R; = R, T = (m —
a+n+r, 7>0, p,g,r € (0,00).

If a sequence {Ck}kezi is a multiplier from M°%* to A%*°°, then the function
g= Zkezi cr2® satisfies condition (26) with R; = R, 7 = (m—a+1)n+r, p = oo,
7>0, q,7 € (0,00).

If a sequence {Ck}kezi is a multiplier from M1 to AP°°  then the function
g = Zk-eZi cxz® satisfies condition (26) with Ry = R, 7 = (m — a + 1)n + 7,

7>0, p,qg,r € (0,00).

Proposition 14. If a sequence {Ck}kezi is a multiplier from M?*°>% to FP-°oT
then the function g = Zkem cp 2 satisfies condition (26) with R; = R, T = (m —
a+ln—1/s+r, 7>0, s,p,r € (0,00).

If a sequence {Ck}kezi is a multiplier from M to AS°°°, then the function
g= ZkeZi cp2® satisfies condition (26) with Ry = R, 7= (m —a+ 1)n —1/s +r,

p=o0, 7>0, s, € (0,00).



If a sequence {Ck}k621 is a multiplier from M*° to AP°° then the function
g= Zkezi cr2® satisfies condition (26) with R; = R, 7= (m —a+1)n—1/s+7,

T>0, s,p,r € (0,00).

We add more remarks for that case where ¢ and s are finite in assertion above.
Note similarly we can find necessary conditions if a sequence {c } kezn 1s a multiplier
from M[® to AZ®P, from ME* to H™, from ME* to Bl, My*® to AFY M[* to
Fg’p , the last two cases have similarities with the theorem we proved above, so we
refer the reader also to that theorem. It is anther problem to find conditions for
multipliers acting into M type spaces in expanded disk. To get necessary conditions
for example on multipliers from F?9 or AP? to M7*°, s < r we have to repeat the
related implication in simple proof of theorem we provided above using also the
following assertion sup,erMs(f,r,...,r)(1 —7)7 < oo if f € My®, s < r with
related estimates for quazinorms for some 7 and (. This follows immediately from
a nice embedding which connects classical Bergman AP spaces in the unit disk
with MP9 classes, see [19], [20]. We leave this procedure to readers. The cases with

infinite indexes can be considered similarly.

3. ON COEFFICIENT MULTIPLIERS OF ANALYTIC VP77, VP aND V7 BEsov -

TYPE SPACES IN THE UNIT POLYDISC

We apply our previous result from [19], [20] on analytic spaces related to R?
differential operator to study certain new spaces of coefficient multipliers of new
analytic Besov type spaces V3f, V25 and V7 closely related to the same R*
differential operator in the unit polydisc with some restriction on parameters (see
[19], [20]). Our results extend some previously known assertions on coefficient
multipliers of classical analytic Bergman AP and analytic weighted Hardy HZ type
spaces in the unit disk. Moreover some results are new even in onedimensional case

of unit disk.
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Namely the goal of this section is to continue the interesting investigation of
some new analytic Besov - type spaces in polydisk, subframe and expanded disk
which was started before in [19], [20] related with so-called R*® differential operator.

We denote the expanded disk by
Dl ={z=(m¢,....,18) eD":£eT, r; €(0,1), j=1,...,n},
and the subframe by
ﬁL:{zED"ﬂzj\:r, re(0,1], j=1,...,n}.

For aj > =1, 5 =1,...,n 0 < p < oo, recall that the weighted Bergman

space A% (D™) consists of all holomorphic functions on the polydisk satisfying the

condition
n
I, = [ P TI0 = 5P dv () < oo
i=1
For a; > —1, j =1,...,n, p € (0,00], the Bergman class on expanded disk is
defined by

n

AL(D) = (7 € HO™) < 11 / //|f H 1= |2, %)% d2;|dé < o0},

and similarly the Bergman class on subframe denoted by AP, (5"), is defined by

ALY = f € HE): Iy 5y = [ [ 15RO = P aV()alz] < oo,

where p € (0,00), a > —1.

In this paper we are interested with spaces of coefficient multipliers of Vp V
and VOIZ’?? spaces. We provide a general approach to deal with problem of multipliers
on such spaces based heavily on our previous results from [19], [20]. Note again
the topic of multipliers in analytic spaces in higher dimension is relatively new and
only several papers are devoted to this field of research. We mention again here
related to this topic recent papers of author [16], [17] on multipliers of Lizorkin -

Treiebl FP-? type spaces (including limit p = oo and ¢ = oo cases).



These V3, V2§ and VI analytic Besov classes which we define in this note
serve as natural extension of the classical Hardy and Bergman spaces in the unit
polydisc simultaneously.

See also [7], [19], [20] for some other properties of these new analytic Besov V',
Ved and V2 type spaces related to R® differential operator on the unit polydisc
and related spaces in the unit disk or subframe and expanded disk. Below we list
notations and definitions which are needed and in this section we formulate and
prove some of main results of this note.

Probably for the first time in literature this R?® type differential operators ap-
peared in a paper of Lizorkin - Guliev [7] as natural extensions of one dimensional
Besov spaces to higher dimension. Later in [19] and [20] it was shown that such
Besov type analytic spaces in higher dimension are closely related to analytic spaces
on subframe, but not in polydisk. This paper can be seen as continuation of [19],
[20] and here we provide applications of some basic results from [19], [20] related
with estimates of products of onedimensional Bergman kernels.

We define now one of the main objects of this paper. First if f is an holomorphic
with ap Taylor coefficients then R?®f is the same holomorphic function, but with
(k1+...4+En + 1)%ax, Taylor coefficients, where s is a real number. It can be easily
checked that the last function is an analytic function. For unit disk case (n = 1) this
operator (the fractional derivative of f function) is very well studied from various
points of views by big amount of authors during last several decades. Taking
products of onedimensional (k + 1)® or the same expression via so-called gamma
function some authors defined the fractional derivative of an analytic function in
polydisk otherwise, see [5]. These two types of fractional derivatives in polydisk
are connected. Their connection and properties were given in [20] (see also various
references there). We define below various spaces of analytic functions in polydisk,

we note each time we can add an additional condition on each such X analytic
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space (with zero smoothness), we will simply write R*X meaning spaces with R® f
functions, where s is a fixed real number. To define analytic V27, V3% and V23
Besov - type spaces in the unit polydisc we have to note the first space is the
Bergman - type space R® AL (D™) in the polydisk. The other two spaces are the same
spaces but on subframe and expanded disk. This means the change of integration
interval in quazinorm of classical Bergman - type space AE(D™) in polydisk first
I" to I, then T™ to T. These last new Besov - type spaces V)7, V5 and V5
and their spaces of coefficient multipliers will be under attention in this paper. We

restrict ourselves in this paper only to those values of s which are positive.

Lemma 8. Let w = |w|§, w,z € D", 1 —wz = [[}_, (1 —wxZ), s € NU{0}, 8 > 0,

p € (0,00). Then we have

. b - 1
L. “=C X (H <1—|wk|zk|>p<ak+ﬂ>1>’

k=1
P> ming ap+3"

Corollary 1. Let 0 < p < 00, s € NU{0}, I € (0,00), v > % +1, we D" Then

/.

Proofs of Lemma 8 and Corollary 1 can be seen in [20].

1 p

R (1 —wz)v

n C
[—1
(1 — |Z|)p dV(Z) S Z H (1 _ |wk|)(ak+’7)17*plfl :

@;>0,> aj=s k=1

The following four estimates are very important for this paper and they are
heavily based on results from [19], [20] and they open ways for estimates of classi-
cal Bergman kernel in Besov type new analytic classes we introduced above. The
first two estimates follow as direct corollaries of delicate estimates of R* differen-
tial operator applied to standard n-products of onedimensional Bergman kernel in
classical Hardy H? and Bergman AP classes in polydisk, which we already provided
above, see [19], [20]. Note then in the second pair of estimates below we solve the

same problem, but in Bergman classes in expanded disk or subframe.



Lemma 9. Let 0 < p,s < co and set

1

W, 8>-1, Rel, z e D",

(38) fr(z) =

Then we have the following (quasi) norm estimates:

C
(39) ||fRHch,’1S(Dn) < (1 _ R)n(ﬁ-l—l)—ozn—n/P-‘rs’ ﬁ > o+ 1/p -1,
C
(40) | frllRs me (Dm) S(l Ry -npts’ g>1/p—1.

Lemma 10. Let 0 < p,s < co and set

1

(41) fr(z) = m,

6>-1, Rel, zeD"

Then we have the following (quasi) norm estimates:

C
(42) ||fR||V5;;’(Dn) S(l_R)’n(ﬁ-‘rl)—a—n/p—‘rs’ 6>a/n—1+1/p,
C 1
(43) I Rllvgy @n) < (1 — R)n(B+D—ants—1/p’ f>a-1+ np’

As corollaries of these results we can immediately formulate our first results on

coeflicient multipliers of analytic Besov - type V spaces which we study in this

paper.

Proposition 15. If a sequence {Ck}kezi s a multiplier from FE9 to V,::’ls, then the

function g = Zkezi cr2® satisfies condition M,(DPR*g,p)(1 — p)y+A-a-1/rtl <

oo, where §>a+1/p—1, p,q,r € (0,00).

r7

If a sequence {Ck}kezi is a multiplier from AP? to V,Y,f, then the function g =

Zkezi cr2® satisfies condition M,.(DPR2g, p)(1 — p)YtP=a=1/PHl < oo where § >

Oé+1/p—17 p,q,T € (0,00)

If a sequence {Ck}kezi is a multiplier from HP to V,;’f, then the function g =

. cp2¥ satisfies condition M.(DPR*g, p)(1 — p)TPA=1/P+1 < oo, where § >
kLT p p

1/p—1, p,r € (0,00).
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Proposition 16. If a sequence {Ck}kez;i s a multiplier from V/:ls to AP, then the
function g = ZkeZi cw2® satisfies condition M} (DPg, p)(1—p)ro+t(FHhr=ri=lntsr o
oo, where 3> 1+ 1/r—1, p,q,r € (0,00).

If a sequence {cy}rezy is a multiplier from V/'i* to FE, then the function g =
Zkezi cw2® satisfies condition M} (DPg, p)(1 — p)ret(BrDr=ri=lintsr < o6 yhere
B>1+1/r—1, p,q,r e (0,0).

If a sequence {cx}rezy is a multiplier from V/:ls to HP, then the function g =
Zkezi cpz® satisfies condition M;(Dﬂg,p)(l — p)(BHDr=ri=lintsr o5 yhere

ﬁ>l+1/7‘—17 p,TE(0,00).

Similar assertions are true by same arguments using Lemma 10 for Voﬁ’zs (D™) and

Vap::f (D™) type spaces. We leave this rather simple procedure to readers.

Proposition 17. If a sequence {Ck}kem is a multiplier from R°H" to AP:*° then
the function g = Zkezi crz® satisfies condition M7 (DPg, p)(1—p)ret((B+lr=Lntsr o
oo, where 8> 1/r —1, r,p € (0,00).

If a sequence {Ck}kem is a multiplier from R*H" to FP°>% then the function
g= Zkezi cu2® satisfies condition M;(Dﬁg7 p)(1—p)rat(B+Dr=—Dntsr & o0 where
B>1/r—1, r,p € (0,00).

If a sequence {Qc}kGZi is a multiplier from R*H" to AS>P, then the function
g= Zkezi k2" satisfies condition MY (DPg, p)(1—p)rot((BHDr=bintsr < o0 where

B>1/r—1, r,p € (0,00).

We can collect information about multipliers of analytic spaces based on R®
operator from these estimates from [19], [20], which relate with classes with zero

smoothness and spaces with more usual D* differential operator.



Theorem 2. (i) Let 0 <p < oo, a> -1, seN, fe HD"). Ify > a+2 —1, for

p<1 and’y>o‘T'f1+%(l—%> forp>1,v=sp+an—~ypn+n—1, then

Lprora-pprave e [ [ R @l o - by ddl

where w = |w|€.

(ii) Let 0 < g<oo,a>0, seN, 1<p<oo, fe H(D"). Then

[ ([ a-ipriseperman)’

(iii) Let 0 < g < 00, >0, seN, 1 <p< o0, 76(

/p

H(D™). Then

/n (/01(1 - 7")7|f(r£)|”rpdr>q

We can also easily collect information about multipliers of Bergman spaces on

/p 1 q/p
e </ IRsf(ré)”(l—r)s”“dr> d.
T 0

subframe and expanded disk from information about multipliers of Bergman spaces

in polydisk using the following estimates from [19], [20].

Theorem 3. (i) Let 0 <p <oo, a>—1, neN, fe HD"). Then

/ / — |2[*)*dgdlz| <C/ ﬁ 1 z2) 55 av (2).

(1) Let 0 <p<oo,a; >—1, j=1,....,n, neN, fe HD"). Then

/ / Fals &) TL = ) 57 dlzal - d e

k=1

< / H (1 — |z [2)*dV (2).

1 q/p
w<c | (/ |R8f<u5>”<1u>sp+adu> de.
n \Jo
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