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Summary. In this paper, we extend the characterizations of Kuroki [17], by initiating the
concept of intuitionistic fuzzy left ( resp. right, interior, quasi-, bi-, generalized bi-) ideals in

a class of non-associative and non-commutative rings ( LA-ring) . We characterize regular
(intra-regular, both regular and intra-regular) LA-rings in terms such ideals.

1 INTRODUCTION

In ternary operations, the commutative law is given by abc =cba. Kazim and Naseerudin
[7], have generalized this notion by introducing the parenthesis on the left side of this
equation to get a new pseudo associative law, that is (ab)c = (cb)a. This law (ab)c = (cb)a IS
called the left invertive law. A groupoid S is called a left almost semigroup (abbreviated as
LA-semi-group) if it satisfies the left invertive law. An LA-semi-group is a midway structure
between a commutative semigroup and a groupoid.

A groupoid S is said to be medial (resp. paramedial)if (ab)(cd)=(ac)(bd) (resp.
(ab)(cd) = (db)(ca)). An LA-semi-group is medial, but in general an LA-semi-group needs not
to be paramedial. Every LA-semi-group with left identity is paramedial and also satisfies
a(bc) = b(ac), (ab)(cd) = (dc)(ba).

Kamran [16], extended the notion of LA-semi-group to the left almost group (LA-
group). An LA-semi-group G is called a left almost group, if there exists a left identity
ee G suchthat ea =a forall a<G andforevery ac<G thereexists b eG such that
ba = e.

Shah et al. [22], by a left almost ring, mean a non-empty set R with at least two elements
such that (R,+) is an LA-group, (R,:) is an LA-semi-group, both left and right distributive
laws hold. For example, from a commutative ring (R,+,-), we can always obtain an LA-ring
(R,®,") by defining for all a,b « R, a®b = b—-a and a-b is same as in the ring. Although

the structure is non-associative and non-commutative, nevertheless, it possesses many
interesting properties which we usually find in associative and commutative algebraic
structures.

A non-empty subset A of R is called an LA-subring of R if a—be A and ab A forall
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a,b e A A is called a left (resp. right) ideal of R if (A+) is an LA-group and
RA < A (resp. AR < A). A iscalled an ideal of R if it is both a left ideal and a right
ideal of R.

A non-empty subset A of R is called an interior ideal of R if (A,+) is an LA-group
and (RA)R < A A non-empty subset A of R is called a quasi-ideal of R if (A+) is an LA-

group and AR nRA < A An LA-subring A of R is called a bi-ideal of R if (AR)Ac A A
non-empty subset A of R is called a generalized bi-ideal of R if (A+) isan LA-group and
(AR)A c A

We will define the concept of intuitionistic fuzzy left (resp. right, interior, quasi-, bi-,
generalized bi-) ideals of an LA-ring R. We will establish a study by discussing the different
properties of such ideals. We will characterize regular ( resp. intra-regular, both regular and
intra-regular) LA-rings by the properties of intuitionistic fuzzy (left, right, quasi-, bi-,
generalized bi-) ideals such ideals.

2 INTUITIONISTIC FUZZY IDEALS IN LA-RINGS

After, the introduction of fuzzy set by Zadeh [24], several researchers explored on the
generalization of the notion of fuzzy set. The concept of intuitionistic fuzzy set was
introduced by Atanassov [1], as a generalization of the notion of fuzzy set. Liu [18],
introduced the concept of fuzzy subrings and fuzzy ideals of a ring. Many authors have
explored the theory of fuzzy rings (for example [3, 9, 11-15, 18, 19-20, 23]). Gupta and
Kantroo [4], gave the idea of intrinsic product of fuzzy subsets of a ring. Kuroki [17],
characterized regular (intra-regular, both regular and intra-regular) rings in terms of fuzzy
left (right, quasi, bi-) ideals.

An intuitionistic fuzzy set (briefly, IFS) A in a non-empty set X is an object having the
form A = {(X, £, (X),7 » (X)) : x e X}, where the functions x,: X —[0,1] and y, : X —[0,1]
denote the degree of membership and the degree of non-membership, respectively and
0< u, (X)+y,(x) <1 forall xex [1].

An intuitionistic fuzzy set A={(x, z,(X),7.(X)): xe X} in X can be identified to be an

ordered pair (u,,y,) in 1*x1*, where 1” isthe setof all functions from X to [0,1].

For the sake of simplicity, = we shall use the symbol A = (u,,y,) for the IFS

A={(xu,(¥),7,(¥): xe X}

Banerjee and Basnet [2] and Hur et al. [6], initiated the notion of intuitionistic fuzzy
subrings and intuitionistic fuzzy ideals of a ring. Subsequently many authors studied the
intuitionistic fuzzy subrings and intuitionistic fuzzy ideals of a ring by describing the different
properties (see [5]). Shah et al. [21, 22] initiated the concept of intuitionistic fuzzy normal
subrings over a non-associative ring and also characterized the non-associative rings by their
intuitionistic fuzzy bi-ideals in [8]. Kausar [10] explored the notion of direct product of finite
intuitionistic anti fuzzy normal subrings over non-associative rings.
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We initiate the notion of intuitionistic fuzzy left (resp. right, interior, quasi-, bi-,
generalized bi-) ideals of an LA-ring R.

An intuitionistic fuzzy set (IFS) A=(u,,7,) of an LA-ring R is called an intuitionistic
fuzzy LA-subring of R if

) pp(x=y) = mindu, (x) g, (N},
(2) 7a(x=y) < max{y , (x) 7, (N},
(3) s (xy) = mindu, (x) a5 (Y]
(4) 7a(xy) < max{y,(x) 7, (v} forall xyeR
AnIFS A= (u,,r,) ofanLA-ring R is called an intuitionistic fuzzy left ideal of R if
) pa(x=y) = mindu, (x) g, (N},
(2) 7a(x=y) < max{y , (x) 7, (N},
(3) 2 lxy) = ()
(4

) ( )<7’A(y), forall x,y € R.
AnIFS A = (u,,7,) ofanLA-ring R is called an intuitionistic fuzzy right ideal of R

in{e (), 224 (V)3
ax{ﬂ//.\ (X)! 7/A (y)}l

(4) ya(xy) < y,(x), forall xyeR

AnIFS A = (u,,r,) Oof R iscalled an intuitionistic fuzzy ideal of an LA-ring R if it is

both an intuitionistic fuzzy left ideal and an intuitionistic fuzzy right ideal of R.
Let A be a non-empty subset of an LA-ring R. Then the intuitionistic characteristic of A is
denoted by y, =(u, .7, ) anddefined by

(X)— lifxe A and (X)— Oifx e A
Hen W= 01ex ¢ A Vin WS iex ¢ A

We note that an LA-ring R can be considered an intuitionistic fuzzy set of itself and we
write R = 1, i.e., R(X) = (1g,75) = @0) forall x e R.
Let A and B be two intuitionistic fuzzy sets of an LA-ring R. Then

() AcB o puy cpugandy, oy,
(2 A=B< Ac B and B c A

(3) A® = (}/A’IUA)’
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(4) AnB = (II’[A ANHBsY A \/78): (IUA/\B'yAvB)'
(5) AUB = (/'IAV/uB77/A /\7/3): (ﬂAvB’yAAB)’
(6) 0~=(0,1),1~=(10)

The  product of A= (u,,y,) and B = (ug,/s) is denoted by
AoB = (u, oy, 7, oyg) and defined as:

AV {/\in=1{:uA(ai)/\,uB(bi)}} if X:Zn:aibi’ ai’bi cR
(:uA ° /JB)(X) = izlaibi i=1

0 if x;«rsiaibi

i=1

Ao A7) vrsB)I if x=2ab, a b R

X=

and (yaoyg)(X)= i1

1 if x#2ab
i=1

AnIFS A = (u,,y,) ofan LA-ring R is called an intuitionistic fuzzy interior ideal of R

Q) wa(x=y) =z (X)Ap, (),
7 a )V 74 (Y),

(
A(y), forall x,y,z e R.
AnIFS A = (u,,r,)of an LA-ring R is called an intuitionistic fuzzy quasi-ideal of R if
@) (unoR)N(Rop,) € pia,
@ (7aoR)U(Rey,) 274,
(3) wa(x=y) 2, (X)np,(y),
(4) ya(x=y) <7, ()vra(y), foral xyeR

An Intuitionistic fuzzy LA-subring A =(u,,r,) of an LA-ring R is called an

intuitionistic fuzzy bi-ideal of R if
@) un((9)2) 2 g1, ()22, (2),
(2) 7. (0y)2) < 7 A (X)vy,(2) forall x,y,z e R.

AnIFS A = (u,,r,)of an LA-ring R is called an intuitionistic fuzzy generalized bi-ideal
of R if

@) pax=y) = g, (X)A g, (),
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(2) 7alx=y) < 7a (v ra (),
(3) /‘A((XY)Z) ke ILIA(X)/\ILIA(Z)’
(4) ;/A((xy)z) < }/A(X)vyA(Z), forall x,y,z e R.

An intuitionistic fuzzy ideal A = (u,,7,) of an LA-ring R is called an intuitionistic

fuzzy idempotent if y, o, = p,and y, oy, =y,.
Now we give some imperative properties of such ideals of an LA-ring R, which will be

very helpful in later sections.
Lemma 2.1: Let R be an LA-ring. Then the following properties hold:

(1) (AoB)oC = (CoB)oA,

(2) (A=B)s(C+D)=(A=C)o (B~ D),

(3) Ao(BoC)=Bo(AoC)

(4) (AcB)o(CoD)=(DoB)o(Co A),

(5) (AeB)o(CoD)=(D-C)s(BA), for all intuitionistic fuzzy sets A B,C and D of R.

Proof: Obvious.
Theorem 2.2: Let A and B be two non-empty subsets of an LA-ring R. then the following

properties hold:

L) If AcB then 7, < z5.

(2) Xao°Xe = X+

4) 2a0Xs = Zans:

Proof: (1) Supposethat A< B and ac R. If a e A, thisimpliesthat a e B. Thus
H, @=1=pu, (@ and y, (@ =0=y, (@), ie, yp S ¥s-

If ag¢ AbandagB. Thus u, (@ =0=x, (@ and y, (@ =1=y, (a), ie,
Xa S Xe-

If a A and o eB. Thus pa(e) = 0 and p,s(e) =1 and y,a(e) = 1 and y,g(a) =0, i.e.,
(2) Let xR and x eAB. This means that x=ab for some a A and b B.

Now
ey, om0 =V oo A, @), b))

p,, @ru, (0)=1Al=1=pu, (X
Aso e Bl @)vr,, )
7,, @vy, (0)=0v0=0=y, (X).

\%

and (y,, °7,, )X

IN

If x ¢ AB, i.e., x # ab forall a € A and b e B. Then there are two cases.
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(i) If x =uv forsome u,v e R, then

(o, 0=V oo A, @)au,, 6
0A0=0=p, (x)
NSt &y, @)vr,, b))
vli=1=y, (0.

and (y,, °7,. )X

(i) If x=uv forall uyveR, thenobviously (y,oxs)(X) =0 =z, (X). Hence
Xa°Xs = Xns-

Similarly, we can prove (3) and (4).
Theorem 2.3: Let A be a non-empty subset of an LA-ring R. then the following properties
hold.

(1) A is an LA-subring of R ifand onlyif y, isan intuitionistic fuzzy LA-subring of R.

(2) A is a left (resp. right, two-sided) ideal of R if and only if y, is an intuitionistic
fuzzy left ( resp. right, two-sided) ideal of R.
Proof: (1) Let A be an LA-subring of R and a,b € R. If a,b e A, then by definition
U@ =1=pu,(@{) and y,(2)=0=y,(b). Since a—b and ab € A, A being an LA-
subring of R, this implies that x,(a—-b) =1= x,(ab) and y,(a—-b) =0 =y, (ab).
Thus
ta(a=b) = /UA(a)/\/uA(b)' i, (ab) = ﬂA(a)/\ﬂA(b)

and y,(a-b) < VA(a)V7A(b)’7/A(ab) < 7/A(a)v7A(b)'

Similarly, we have

pa@=b) 2 g, @Au,b) p,@b) 2 s, (@)Au,(b)
and 7,(@-b) < 7,@vy,(b)y.(@h) < y,(@vy,b)
when a,b ¢ A Hence y, isan intuitionistic fuzzy LA-subring of R.
Conversely, suppose that y, is an intuitionistic fuzzy LA-subring of R and let a,b € A
Thismeansthat x,(a) =1= u,(b) and y,(a) = 0 =y, (b). Since
fa@=b) > p,@nap,b)=1a1=1
pa(@b) > i, (@ A, b)=1a1=1
ya@-b) <y, (@vy,b)=0v0=0
7a(@b) < y,(@vy.b)=0v0=0

¥ being an intuitionistic fuzzy LA-subring of R. Thus u,(a-b) =1= u,(ab) and
yr(@-b)=0=y,(ab), iie, a—b and ab € A Hence A isan LA-subringof R.
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(2) Let A be a left ideal of R and ab e R If abe A then by definition
U@ =1=pu,() and y,(@) =0=y,(b). Since a—b and ab € A, A being a left
ideal of R, thisimpliesthat ¢, (a-b) =1= u,(ab) and y,(a—b) = 0 = y, (ab). Thus
Ha(a—b) > ,UA(a)/\,UA(b)' 14 (ab) = ,UA(b)

and 7,(@-b) < 7,@v7y,b)r,(@) < y,(b)
Similarly, we have
pa@Apy(b) p,(@0) = u,(b)
72 @v7,0) 7y, (@) <y, (b)

when a,b ¢ A. Therefore y, isan intuitionistic fuzzy left ideal of R.

#p (a=b)

2
and y,(a-b) <

Conversely, assume that y, isan intuitionistic fuzzy left ideal of R and let
a,b e Aand z e R. This means that x,(@) =1= u,(b) and y,(@) =0 =y, (b).
Since

ta@=b) 2 @A, b)=1a1=1,
Hp (ZD) 2 ﬂA(b):L

ya@-b) < y,@vy,(b)=0v0=0,
7 a(2b) < VA(b) =0,

¥ being an intuitionistic fuzzy left ideal of R. Thus u,(a—b)=1=y,(zb) and
y,(@-b)=0=y,(zb), ie, a—b and zb € A Therefore A isa leftideal of R.
Remark 2.4: (i) A is an additive LA-subgroup of R if and only if y, is an intuitionistic
fuzzy additive LA-subgroup of R.

(ii) A is an LA-subsemigroup of R if and only if y, is an intuitionistic fuzzy LA-

subsemigroup of R.
Lemma 2.5: If A and B are two intuitionistic fuzzy LA-subrings (resp. ( left, right, two-

sided) ideals) of an LA-ring R, then ANnB is also an intuitionistic fuzzy LA-subring
(resp. (left, right, two-sided) ideal) of R.

Proof: Obvious.

Lemma 2.6: If A and B are two intuitionistic fuzzy LA-subrings of an LA-ring R, then

A o B isalso an intuitionistic fuzzy LA-subring of R.
Proof: Let A = (u,,7,)and B = (u,,y, ) be two intuitionistic fuzzy LA-subrings of R. We

have to show that A o B is also an intuitionistic fuzzy LA-subring of R. Now
(;UA OIUB)2 = (;UA OIUB)O(,UA OIUB) = (/UA OﬂA)O(ﬂB OILlB) S Hp°oHg
and (7A°7/B)2 = (acre)o(acys) =acra)o(reore) 27a°7s-

Since g —uy < pgand ¥y —75 2 7, B = (1y,74 ) being an intuitionistic fuzzy
LA-subring  of R. This  implies  that Upo(g —Hg) C Hpolg and
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Ya°c(re —7s) 27a°7s, ie., HpoHlg —HpA°Hg & Hp°Hp and
YaOVg —VaoVg 2 7ac°yg- Therefore A o B isan intuitionistic fuzzy LA-subring of R.
Remark 2.7: If A is an intuitionistic fuzzy LA-subring of an LA-ring R, then Ao A is
also an intuitionistic fuzzy LA-subring of R.

Lemma 2.8: Let R be an LA-ring with left identity e. Then RR = R and eR = R = Re.
Proof: Since RR < R and x = ex € RR, where x € R, i.e,, RR = R. Since e is the left
identity of R, i.e., eR = R. Now Re = (RR)e = (€R)R = RR = R,

Lemma 2.9: Let R be an LA-ring with left identity e. Then every intuitionistic fuzzy right
ideal of R is an intuitionistic fuzzy ideal of R.

Proof: Let A = («,,r, ) be an intuitionistic fuzzy right ideal of R and X,y € R. Now

/UA(Xy) = /uA((e )y) = ,UA((yX)e) = /UA(yX) 2 ﬂA(y)
and y, (Xy) =7a ((ex) y) = 7A((yx)e) <7a (yx) S7a (y)
Thus A is an intuitionistic fuzzy ideal of R.
Lemma 2.10: If A and B are two intuitionistic fuzzy left ( resp. right) ideals of an LA-
ringR with left identity e, then Ao B is also an intuitionistic fuzzy left (resp. right)

ideal of R.
Proof: Let A = (u,,7,) and B = (u,,y, ) be two intuitionistic fuzzy left ideals of R. We

have to show that Ao B is also an intuitionistic fuzzy left ideal of R.
Since prpopg —fHpoHg S HpoMg ANA y, 0y —yaoyg D7 are- NOW
Ro(upopg) = (RoR)o(upoug) = (Ropp)o(Roug) < (1p o)
and Re(y,oyg) = (ReR)o(ypeyg) = (Royn)o(Roy,) 2 (raeve)
Hence A o B is an intuitionistic fuzzy left ideal of R.
Remark 2.11: If A is an intuitionistic fuzzy left (resp. right) ideal of an LA-ring R with

left identity e, then A o A isan intuitionistic fuzzy ideal of R.

Lemma 2.12: If A and B are two intuitionistic fuzzy ideals of an LA-ring R, then
A-B < AnB.
Proof: Let A=(u,,y,) and B = (u,,7,) be two intuitionistic fuzzy ideals of R and

X € R. If X cannot expressibleas x = >.'_,a;b,, where a,,b; € R and n is any positive

integer, then obviously AocB < An B, otherwise we have

(14 OILlB)(X) = VX:Z_nz ab. {/\inzl{:uA(ai )/\IUB(bi )}}

< VX:Zn: ab, {/\inzl{/uA(aibi)/\/uB(aibi)}}
= szz_nz ab, N (g m:uB)(aibi)} = (U, m/UB)(X)-

= HpoHg & HpMHUg-

Similarly, we can prove y, oy, D7, YU ¥s.
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Therefore AcB < AN B for all intuitionistic fuzzy ideals A and B of R.

Remark 2.13: If A is an intuitionistic fuzzy ideal of an LA-ring R, then A-A c A
Lemma 2.14: Let R be an LA-ring. Then AoB < An B for every intuitionistic fuzzy right
ideal A and every intuitionistic fuzzy left ideal B of R.

Proof: Same as Lemma 2.12

Theorem 2.15: Let A be a non-empty subset of an LA-ring R. Then A is an interior (resp.
quasi-, bi-, generalized bi-) ideal of R if and only if y, is an intuitionistic fuzzy interior

(resp. quasi-, bi-, generalized bi-) ideal of R.
Proof: Let A be an interior ideal of R, this implies that A is an additive LA-subgroup of

R. Then y,is an intuitionistic fuzzy additive LA-subgroup of R by the Remark 2.4. Let
Xx,y,ae R If aeA then by definition x, (a)=1 and p, (a)=0. Since
(xa)y € A, A being an interior ideal of R, this means that «, ((xa)y)=1 and

7, (x@)y) =0. Thus x, ((xa)y) > u, (a) and y, ((xa)y) <y, (a). Similarly, we
have ux, ((xa)y) > u, (@) and y, ((xa)y) <y, (a), when a ¢ A Hence y, isan
intuitionistic fuzzy interior ideal of R.

Conversely, suppose that y, is an intuitionistic fuzzy interior ideal of R, this meansthat y,
is an intuitionistic fuzzy additive LA-subgroup of R. Then A is an additive LA-subgroup of
R by the Remark 2.4. Let x,y e Randae A so u, (a)=1and y, (a) =0. Since

u, ((x@y)=>u, (@=1and y, ((xa)y) <y, (@ =0 x, being an intuitionistic
fuzzy interior ideal of R. Thus », ((xa)y)=1and y, ((xa)y) =0, ie, (xa)y e A
Hence A is an interior ideal of R. Similarly, we can prove for (quasi-, bi-, generalized bi-)
ideal.

Lemma 2.16: If A and B are two intuitionistic fuzzy bi- (resp. generalized bi-, quasi-,
interior) ideals of an LA-ring R, then AN B is also an intuitionistic fuzzy bi- (resp.
generalized bi-, quasi-, interior) ideal of R.

Proof: Obvious.
Lemma 2.17: If A and B are two intuitionistic fuzzy bi- (resp. generalized bi-, interior)

ideals of an LA-ring R with left identity e, then Ao B is also an intuitionistic fuzzy bi-
(resp. generalized bi-, interior) ideal of R.
Proof: Let A = (u,,7,) and B = (u,,y,) be two intuitionistic fuzzy bi-ideals of R. We

have to show that A o B is also an intuitionistic fuzzy bi-ideal of R. Since A and B are
two intuitionistic fuzzy LA-subrings of R, then Ao B is also an intuitionistic fuzzy LA-

subring of R by the Lemma 2.6. Now
((pomg)oR)o(upopug) = ((tpopg)o(RoR))o(1ry optg)
= ((upoR)o(ug oR))o(tpotty)
= ((/LIAOR)OILIA)O((ILIBOR)OILIB)
S Hpa°Hg:
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Similarly, we have ((y,c7g)°R)o(yacys)27acys. Therefore Ao B is an intuitionistic
fuzzy bi-ideal of R.

Lemma 2.18: Every intuitionistic fuzzy ideal of an LA-ring R is an intuitionistic fuzzy
interior ideal of R. The converse is not true in general.

Proof: Let A= (u,,7,) be an intuitionistic fuzzy ideal of R and X,y,z € R. Thus

Ha ((xy)z) = Hap (Xy) 2 Hy (y) and y, ((xy)z) =7a (Xy) SV (y) Hence A is an intuitionistic
fuzzy interior ideal of R.

The converse is not true in general, giving an example:

Example 2.19: Let R = {0,1,2,3,4,5,6, 7} is an LA-ring.

+ 012 3 456 7 - 012 3 456 7
0 01234567 000O0OOOTOOO
120316 475 104 400440
2130257 46 2 04 400440
3321076 5 4 and 3 0000O0O0O0OTGO
4 45670123 403 300323@P0
56 4752031 507700770
6 57 46130 2 6 07700770
7 76543210 703 30033@P0

Let A=(u,,7,) bean IFS ofan LA-ring R. We define
1) =, (4) =07, IUA(]-) = 1uA(2) = IUA(?’) = ILlA(S) = ﬂA(6) = ILlA(7) =0
and 7A@ =7,8) =0, 7, =72 =7,Q8) =ya() =y(6) =y,(7) =07

A = (u,,y,) is an intuitionistic fuzzy interior ideal of R, but not an intuitionistic fuzzy
ideal of R, because A isnot an intuitionistic fuzzy right ideal of R, as

pa(4l) = 1,3 =0.
u,(4) =0.7.
= ua(4)) 2 u,(4).
and y,(41) = y,(3) = 0.7.
7A(4) = 0.
= ya4)) £ 7, (4).

Proposition 2.20: Let A = (u«,,7 ,) be an IFS of an LA-ring R with left identity e. Then
A is an intuitionistic fuzzy ideal of R if and only if A is an intuitionistic fuzzy interior ideal
of R.

Proof: Let A=(u,,7,) be an intuitionistic fuzzy interior ideal of R and X,y € R.
Thus i, (xy) = wa((€X)y) 2 ua(x) and y,(Xy) = 74 ((eX)y) < 7. (X), ie, A is an
intuitionistic fuzzy right ideal of R. Hence A is an intuitionistic fuzzy ideal of R by the
Lemma 2.9. Converse is true by the Lemma 2.18.
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Lemma 2.21: Every intuitionistic fuzzy left ( resp. right, two-sided) ideal of an LA-ring R
is an intuitionistic fuzzy bi-ideal of R.

Proof: Suppose that A = (u,,y7,) is an intuitionistic fuzzy right ideal of R and
X,¥,Z € R. Thus

pa(O9)2) = a(xy) = g, (x) @A g, (9)2) = pa ((2Y)X) = 14 (2y) 2 p1a (2),

this implies that ,, ((xy)z) > u, (X) A 1, (2). Similarly, we have y, (xy)z) < ¥, (X) vy (2).
Therefore A is an intuitionistic fuzzy bi-ideal of R.

The converse is not true in general, giving an example:

Using Example 2.19, A = (u,,7,) Is an intuitionistic fuzzy bi-ideal of R, but not an

intuitionistic fuzzy right ideal of R, as

pa(dl) = u, 3 =0
u,(4) =0.7.
= 1, (41) 2 p, (4).
and y,(41) = y,(3) = 0.7.
7a(4) =0,

= 7441 £ 7, (4).
Lemma 2.22: Every intuitionistic fuzzy bi-ideal of an LA-ring R is an intuitionistic fuzzy
generalized bi-ideal of R.

Proof: Obvious.
Lemma 2.23: Every intuitionistic fuzzy left ( resp. right, two-sided) ideal of an LA-ring R

IS an intuitionistic fuzzy quasi-ideal of R.
Proof: Assume that A=(u,,y,) is an intuitionistic fuzzy left ideal of R. Now

fyoRARou, c Rou, c u, aNd y, cRURoy, D Roy, 2 y,. SO A is an intuitionistic

fuzzy quasi-ideal of R.
Lemma 2.24: Let R be an LA-ring with left identity e, such that (xe)R = xR for all

X € R. Then every intuitionistic fuzzy quasi-ideal of R is an intuitionistic fuzzy bi-ideal of
R.

Proof: Let A =(u,,y,) bean intuitionistic fuzzy quasi-ideal of R and Ao A < A by the
Proposition 2.20. Now

(ReR)op, = Rop,
(taoR)oR = (1, oR)o(eoR)

= (upo€)o(RoR) c (upo€)oR = p, oR.
= (poR)op, c ppoRNRou, < py.

(tpoR)op,
and (u, oR)ou,

<
-

Similarly, (y , cR)oy, 2 7. °RURoy, 2 y,. Hence A is an intuitionistic fuzzy bi-ideal
of R.
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3 REGULAR LA-RINGS

An LA-ring R is called a regular if for every x € R, there exists an element a € R
such that x = (xa)x. In this section, we characterize regular LA-rings by the properties of
intuitionistic fuzzy left ( right, quasi-, bi-, generalized bi-) ideals.

Lemma 3.1: Every intuitionistic fuzzy right ideal of a regular LA-ring R is an intuitionistic
fuzzy ideal of R.
Proof: Suppose that A=(u,,y,) Is an intuitionistic fuzzy right ideal of R. Let X,y eR, this

implies that there exists an element a € R, such that x = (xa)x. Thus

£ (Xy) = a((xa)X)y) = pn ((YX)(x2)) 2 2, (YX) = 25 (Y)
and

7a(xy) =74 (x@)X)y) = 7 ((yX)(x@)) < 74 (yX) <74 (Y).

Hence A isan intuitionistic fuzzy ideal of R.

Lemma 3.2: Let A= (u,,7,) be an IFS of a regular LA-ring R. Then A is an
intuitionistic fuzzy ideal of R if and only if A is an intuitionistic fuzzy interior ideal of R.
Proof: Consider that A = (u,,y,) is an intuitionistic fuzzy interior ideal of R. Let
X, ¥ € R, then there exists an element a € R, such that x = (xa)x. Thus

£a(Xy) = 2 ((x2)X)Y) = pa ((yX)(X@)) 2 24 (X)
and

7a () = 72 (x@)x)y) = 7, (y)(x@)) < 7, (%),

i.e., A is an intuitionistic fuzzy right ideal of R. So A is an intuitionistic fuzzy ideal of R
by the Lemma 3.1. Converse is true by the Lemma 2.18.

Remark 3.3: The concept of intuitionistic fuzzy ( interior, two-sided) ideals coincides with
the same concept in regular LA-rings.

Proposition 3.4: Let R be a regular LA-ring. Then (A°cR)n(RoA)=A for every

intuitionistic fuzzy right ideal A of R.
Proof: Suppose that A = («,,,) Is an intuitionistic fuzzy right ideal of R. This implies that

(AoR)n(RoA) < A because every intuitionistic fuzzy right ideal of R is an intuitionistic
fuzzy quasi-ideal of R by the Lemma 2.23. Let x € R, this implies that there exists an
element a € R, such that x = (xa)x. Thus

(i oRO) = v 5o AnTaiua (@) ARb )}

Uy(X)ARMX) >, (X)AL = 1, (X)
/\Xzzh: ab, {Vinzl{VA(ai)VR(bi)}}

7a(X@)VR(X) <y, (X)v0 =y, (X)
= Ac AR

\%

and (7, °R)(X)

IN

33



N. Kausar, M. Alesemi, Salahuddin and M. Munir.

Similarly, we have A ¢ Ro A, i.e.,, Ac (AoR)n(RoA). Hence (AcR)n(RoA) = A
Lemma 3.5: Let R be a regular LA-ring. Then DoL=DnL for every intuitionistic fuzzy
right ideal D and every intuitionistic fuzzy left ideal L of R.

Proof: Since DoL < DL, for every intuitionistic fuzzy right ideal D =(u,,7,) and every

intuitionistic fuzzy left ideal L = (x, ,y, ) of R bythe Lemma 2.14. Let x € R, this means
that there exists an element a € R suchthat x = (xa)x. Thus

(o ou )X) = VX:Z_n: ab, {/\in:l{:uD(ai )/\:uL(bi )}}

v

o XAy Ap (X)) 2wy () Ap (X) = (up O )(X)
and (7o 7)) = A, g0 AV o (@) vy b}

IN

yoXa)vy (X) <y (X)vy (X)) = (o vy ).

Therefore DoL = DN L.

Lemma 3.6: Let R be an LA-ring with left identity e. Then Ra is the smallest left ideal of
R containing a.

Proof: Let X,y € Ra and r € R. This implies that x =r,a and y =r,a, where

r,,r, € R. Now
X—y=ra-r,a=(r,—-r,)aeRa
and rx = r(r,a) = (er)(r,a) = ((r,a)r)e = ((r,a)(er))e
((r,e)(an)e = (e(ar))(r.e) = (ar)(r,e)

= ((r,e)r)a € Ra.

Since a = ea € Ra. Thus Ra is a left ideal of R containing a. Let | be another left ideal of
R containing a. Since ra € I, where ra € Ra, i.e.,, Ra < |. Hence Ra is the smallest

left ideal of R containing a.

Lemma 3.7: Let R be an LA-ring with left identity e. Then aR is a left ideal of R.

Proof: Straight forward.

Proposition 3.8: Let R be an LA-ring with left identity e. Then ar URa is the smallest right
ideal of R containing a.

Proof: Let x,y € aRURa, this means that X,y € aR or Ra. Since aR and Ra both are left

ideals of R, so x—y e aR and Ra, ie, X-y € aRuRa. We have to show that
(aQRuURa)R < (aRuURa). Now

(aARuRa)R = (aR)Ru(Ra)R = (RR)aw (Ra)(eR)
c Rau(Re)(@R) = RauR(aR)
= Rauva(RR) c RauvaR = aRuURa.
= (@ARURa)R ¢ aRuURa.
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Since a € Ra, i.e,, a € aRURa. Let | be another right ideal of R containing a. Since
aR e IRc | and Ra = (RR)a = (aR)R € (IRIR c IR c I, i.e., aRuURa < |. Therefore

aR U Ra IS the smallest right ideal of R containing a.
Theorem 3.9: Let R be an LA-ring with left identity e, such that (xe)R = xR for all

X € R. Then the following conditions are equivalent.

(1) R isaregular.

(2) DNL = DoL for every intuitionistic fuzzy right ideal D and every intuitionistic
fuzzy leftideal L of R.

(3) C = (CoR)oC for every intuitionistic fuzzy quasi-ideal C of R.

Proof: Suppose that (1) holds and ¢ = (u.,,.) be an intuitionistic fuzzy quasi-ideal of R.
Then (CoR)oC < C, because every intuitionistic fuzzy quasi-ideal of R is an
intuitionistic fuzzy bi-ideal of R by the Lemma 2.24. Let X e R, this implies that there
exists an element a of R such that x = (xa)x. Thus

(e oR)opc )(X) Va:zﬁz ab, {/\inzl{(ﬂc OR)(ai )/\ﬂc (b| )}}

> (pc o R)(X@) A g (X)
= Vi g e (PO)AR@)FA e 0
2 pe ()AR@) A pc (X) = pe (X).

= pe < (4 oR)opc.

Similarly, we have y. 2 (¢ °R)ey., i, C = (CoR)oC. Hence (1) implies (3)
Assume that (3) holds. Let D be an intuitionistic fuzzy right ideal and L be an intuitionistic

fuzzy left ideal of R. This means that D and L be intuitionistic fuzzy quasi-ideals of R by
the Lemma 2.23, s0 DL be also an intuitionistic fuzzy quasi-ideal of R. Then by our
assumption, DNL = (DNL)oR)o(DNL) < (DoR)oL < DolL, i.e., DnL < DoL. Since
DoL c DAL Therefore DoL = DAL, ie, (3)= (2). Suppose that (2) is true and

a € R. Then Ra isa left ideal of R containing a by the Lemma 3.7 and aR URa isa
right ideal of R containing a by the Proposition 3.8. This implies that y., is an intuitionistic

fuzzy left ideal and y ,; . IS @n intuitionistic fuzzy right ideal of R, by the Theorem 2.3.
Then by our supposition

Xarora M XrRa = XarURa © XRar ie., Z(aRuRa)mRa =I(aRuRa)Ra

by the Theorem 2.2. Thus (aRwRa) "Ra =(aRuw Ra)Ra. Since ae (aRuURa)NRa, i.e,
a € (aARuURa)Ra, so a € (aR)(Ra)u (Ra)(Ra). This implies that

a € (aR)(Ra) or a € (Ra)(Ra).
If a € (aR)(Ra), then
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a = (ax)(ya) = ((ya)x)a = (((ey)a)x)a = (((ay)e)x)a = ((xe)(ay))a = (a((xe)y))a for any
X,y € R

If ae(Ra)Ra), then (Ra)(Ra) = ((Re)a)(Ra) = ((ae)R)(Ra) = (aR)(Ra), i.e.,
a e (aR)(Ra). So a isaregular, i.e., R isaregular. Hence (2) = (1)

Theorem 3.10: Let R be an LA-ring with left identity e, such that (xe)R = xR for all
X € R. Then the following conditions are equivalent.

(1) R isaregular.

(2) A= (A°R)o A forevery intuitionistic fuzzy quasi-ideal A of R.

(3) B = (BoR)oB forevery intuitionistic fuzzy bi-ideal B of R.

(4) C = (CoR)oC for every intuitionistic fuzzy generalized bi-ideal C of R.

Proof: (1) = (4), is obvious. Since (4) = (3), every intuitionistic fuzzy bi-ideal of R is an
intuitionistic fuzzy generalized bi-ideal of R by the Lemma 2.22. Since (3) = (2), every
intuitionistic fuzzy quasi-ideal of R is an intuitionistic fuzzy bi-ideal of R by the Lemma
15. (2) = (1), by the Theorem 3.9.

Theorem 3.11: Let R be an LA-ring with left identity e, such that (xe)R = xR for all
x € R. Then the following conditions are equivalent.

(1) R isaregular.

(2) ANl = (Aeol)o A for every intuitionistic fuzzy quasi-ideal A and every intuitionistic
fuzzy ideal 1 of R.

(3) BNl = (Bol)oB for every intuitionistic fuzzy bi-ideal B and every intuitionistic
fuzzy ideal | of R.

(4) Cnl =(Col)oC for every intuitionistic fuzzy generalized bi-idea C and every
intuitionistic fuzzy ideal |1 of R.

Proof: Assume that (1) holds. Let C = (., 7. ) be an intuitionistic fuzzy generalized bi-
ideal and 1 =(u,,7,) be an intuitionistic fuzzy ideal of R. Now
(Col)oC < (Rel)oR c IoR c | and (Col)oC < (CoR)oC c C, ie.,
(Col)oC = CnI. Let x € R, this means that there exists an element a € R such that
X = (xa)x. Now xa = ((xa)x)a = (ax)(xa) = x((ax)a). Thus

(e op)opc)X) = VX:Z-n: ab, {/\inzl{(,uc oM, )(ai)/\ﬂc (bl)}}

Y

(#1c o py )(x@) A g (X)
Vst g i le (P)Ap (@A ue 09

pe (X) A py ((@x)a) A g (X)
pe () Apy (X) = (se Ny )(X).
= peNpy < (Heop)ouc.

vV IV

Similarly, we have 7. Uy, 2 (7¢ °7,)erc- Hence Cnl = (Co1)oC, e, (1) = (4).
It is clear that (4) = (3) and (3) = (2). Suppose that (2) is true. Then
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ANR = (AoR)o A, where R itself is an intuitionistic fuzzy two-sided ideal of R. So
A = (AoR)o A, because every intuitionistic fuzzy two-sided ideal of R is an intuitionisitc
fuzzy quasi-ideal of R. Hence R is a regular by the Theorem 3.9, i.e., (2) = (1)

Theorem 3.12: Let R be an LA-ring with left identity e, such that (xe)R = xR for all
X € R. Then the following conditions are equivalent.

(1) R isaregular.

(2) AnD < DoA for every intuitionistic fuzzy quasi-ideal A and every intuitionistic
fuzzy rightideal D of R.

(3) BND < DoB for every intuitionistic fuzzy bi-ideal B and every intuitionistic fuzzy
rightideal D of R.

(4) CAD < DoC for every intuitionistic fuzzy generalized bi-ideal C and every
intuitionistic fuzzy right ideal D of R.

Proof: (1)= (4), is obvious. It is clear that (4) = (3) and (3) = (2). Suppose that (2)
holds, this implies that DNnA=AnDc DoA, where A is an intuitionistic fuzzy left ideal of
R. Since Do-Ac DnA ie, DnA=DoA Hence R is a regular by the Theorem 3.9,

ie, (2)= @)

4 IINTRA-REGULAR LA-RINGS

An LA-ring An LA-ring R is called an intra-regular if for every x € R, there exist
elements a;,b; € R such that x =y (a,x?)b,. In this section, we characterize intra-
regular LA-rings by the properties of intuitionistic fuzzy left (right, quasi-, bi-, generalized
bi-) ideals.

Lemma 4.1: Every intuitionistic fuzzy left ( right) ideal of an intra-regular LA-ring R is an

intuitionistic fuzzy ideal of R.
Proof: Suppose that A = (x,,y,) is an intuitionistic fuzzy right ideal of R. Let X,y € R,

this implies that there exist elements a,,b, € R, suchthat x = ¥"_,(a,x?)b;. Thus

pa(y) = w,((@x*)0;)y) = p, ((Yb;)(@;x?))
2 pa(yby) 2 pa(y)

and 7, (xy) = 7, (@ x*)b;)y) = 7, ((yb )@ x*))
S ya(yb) < yay)

Hence A is an intuitionistic fuzzy ideal of R.

Proposition 4.2: Let A be an IFS of an intra-regular LA-ring R with left identity e. Then
A is an intuitionistic fuzzy ideal of R if and only if A is an intuitionistic fuzzy interior ideal
of R.

Proof: Suppose that A = («,,y,) isan intuitionistic fuzzy interior ideal of R. Let X,y € R,

this implies that there exist elements a,,b, € R, suchthat x = ¥"_ (a,x*)b;. Thus
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Ha(xy) = u, (@ x°)b;)y) = s, ((yb )@ x*))
= w1, ((yb;)(@; (xx))) = a2, ((yb; )(x(a; x)))
= 1, (y¥)(0; (@; X)) 2 2, (X).
Similarly, we have y , (xy) < 7, (x), i.e.,, A is an intuitionistic fuzzy right ideal of R. Hence

A is an intuitionistic fuzzy ideal of R by the Lemma 4.1. Converse is true by the Lemma
2.18.
Remark 4.3: The concept of intuitionistic fuzzy ( interior, two-sided) ideals coincides in

intra-regular LA-rings with left identity.
Lemma 4.4: Let R be an intra-regular LA-ring with left identity e. Then DNL < LoD

for every intuitionistic fuzzy left ideal L and every intuitionistic fuzzy right ideal D of R.
Proof: Let L = (u,,y,) be an intuitionistic fuzzy left ideal and D = (up,7,) be an
intuitionistic fuzzy right ideal of R. Let X € R, this means that there exist elements such that

a,,b, e Rsuchthat x = ¥"_,(a,x*)b;. Now

X = (aixz)bi = (ai (XX))bi = (X(aix))bi
= (x(@,)(eb,) = (xe)((@,)b;) = (a, x)((xe)b, ).
Thus

(p opp)(X) = _{/\in:l{/uL(pi)/\:uD(qi)}}

Vx:Zi":lpiq.
s @ X) A g ((ED,) = g1 () A gt (X)
fo (X)Ap (%) = (1p N )(X)

Mo e, i (e vre @)

re@iX)vyp ((xe)b;) <y (X)vyp(X)

Yo () vy (X) = (o vy )X).
= DnL c LoD.

v

and (7, o7 )(X)

IN

Theorem 4.5: Let R be an LA-ring with left identity e, such that (xe)R = xR for all
X € R. Then the following conditions are equivalent.

(1) R isanintra-regular.

(2) DAL < LoD for every intuitionistic fuzzy left ideal L and every intuitionistic fuzzy
rightideal D of R.

Proof: (1)= (2) is true by the Lemma 4.4. Suppose that (2) holds. Let a € R, then
Ra isaleftideal of R containing a by the Lemma 3.6 and aruURa is a right ideal of R
containing a by the Proposition 3.8. So y, is an intuitionistic fuzzy left ideal and y

is an intuitionistic fuzzy right ideal of R, by the Theorem 1.3. By our supposition

aR U Ra

Xarora Y XRa © XRa © XarURar e, Z(aRuRa)mRa - Z(Ra)(aRuRa)
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by the Theorem 1.2. Thus (aRuURa)nRac Ra(aRuRa). Since ae(aRuURa)nRa, i.e.,
ae Ra(aRuURa)=(Ra)(aR) U (Ra)(Ra). This implies that a € (Ra)(aR) or a e (Ra)(Ra). If
a € (Ra)(aR), then

(Ra)(aR) = (Ra)((ea)(RR)) = (Ra)((RR)(ae))
= (Ra)(((ae)R)R) = (Ra)((aR)R)
= (Ra)((RR)a) = (Ra)(Ra) = ((Ra)a)R
= ((Ra)(ea))R = ((Re)(aa))R = (Ra*)R.

So ae(Ra?)R. If ae(Ra)(Ra), then obvious a € (Ra?)R. This implies that a is an intra-
regular. Hence R is an intra-regular, i.e., (2) = (1).

Theorem 4.6: Let R be an LA-ring with left identity e, such that (xe)R = xR for all
X € R. Then the following conditions are equivalent.

(1) R isan intra-regular.

(2) ANl = (Aol)o A for every intuitionistic fuzzy quasi-ideal A and every intuitionistic
fuzzy ideal | of R.

(3) BNl =(Bol)oB for every intuitionistic fuzzy bi-ideal B and every intuitionistic
fuzzy ideal | of R.

(4) Cnl =(Col)oC for every intuitionistic fuzzy generalized bi-ideal C and every
intuitionistic fuzzy ideal | of R.

Proof: Suppose that (1) holds. Let ¢ = (x., . ) be an intuitionistic fuzzy generalized bi-ideal
and 1 =(u,,7,) be an intuitionistic  fuzzy ideal of R.  Now
(Col)oC = (Rol)oR c IoR c | and (Col)oC < (CoR)oC < C, thus
(Col)oC = CnI. Let x € R, this implies that there exist elements a,,b, € R such that

x =" (a;x?)b,. Now
X = (a,x*)b, = (a,(xx))b, = (x(a,x))b = (b, (a, X))x.
b, (a;x) = b, (a;((a;x*)b;)) = b, ((a;x*)(a;b;)) = b, ((a;x*)c,)
(@, x?)(b,c;) =(a,x*)d, = (a,x?)(ed,) = (d,e)(x*a,)
m, (x?a,) = x*(m,a,) = (xx)l, = (I,x)x = (I, x)(ex)

(xe)(xl,) = x((xe)l, ).

Thus
(e op)one)0) = v oo Anatle o )P A e (@)}

\%

(pc omy )b (@ X)) A pc(X)
Vb.(aix)=z,": o, {/\in:l{/uc (mi)/\/ul (ni )}}/\,Uc (x)

\%

He () Ay ((xe)5 ) A pee (X)
e YA (X) = (pe Opy )(X).
= pe Ny S (e opy)opuc.

v
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Similarly, we have y. Uy, 2 (yc oy, )oyc. Hence Cnl = (Col)oC, ie. (1) = (4) It
is clear that (4) = (3) and (3) = (2). Assume that (2) is true. Let A be an intuitionistic fuzzy
right ideal and | be an intuitionistic fuzzy two-sided ideal of R. Since every intuitionistic
fuzzy right ideal of R is an intuitionistic fuzzy quasi-ideal of R by the Lemma 2.23, so A
IS an intuitionistic  fuzzy  quasi-ideal  of R. By our  assumption
ANl = (Aol)oA c (Rol)oAc 1oA ie, Anl c loA Hence R is an intra-regular
by the Theorem 4.5, i.e., (2) = (1)

Theorem 4.7: Let R be an LA-ring with left identity e, such that (xe)R = xR for all
X € R. Then the following conditions are equivalent.

(1) R isan intra-regular.
(2) AnLcLoA forevery intuitionistic fuzzy quasi-ideal A and every intuitionistic fuzzy
leftideal L of R.

(3) BNL < LoB for every intuitionistic fuzzy bi-ideal B and every intuitionistic fuzzy
leftideal L of R.

(4) CAL c LoC for every intuitionistic fuzzy generalized bi-ideal C and every
intuitionistic fuzzy left ideal L of R.

Proof: Assume that (1) holds. Let C =(uc.y.) be an intuitionistic fuzzy generalized bi-ideal

and L = (u,_,y, ) be an intuitionistic fuzzy left ideal of R. Let x e R, this means that there

exist elements a,,b, eR such that x=X" (a,x*)b,. Now
(b; (a;x))x. Thus

x = (a; (xx))b; = (x(a; x))b;
Vx:Z?: biq, {/\inzl{:uL(pi )/\,uC (ql)}}

po(bi@ix)Ape (X) 2y (X) A g (X)
= s () A (9 = (e O )X,
= He MM S Hy °Hc-

(g opc)(x) =

\

Similarly, we have y. Uy, 2 7, °oyc. Hence CnL < LoC, ie., (1) = (4) It is clear
that (4) = (3) and (3) = (2). Suppose that (2) holds. Let A be an intuitionistic fuzzy right

ideal and L be an intuitionistic fuzzy left ideal of R. Since every intuitionistic fuzzy right
ideal of R is an intuitionistic fuzzy quasi-ideal of R, this implies that A is an intuitionistic

fuzzy quasi-ideal of R. By our supposition ,AnLc Lo A Thus R is an intra-regular by the
Theorem 4.5, i.e., (2) = (1).

5 CONCLUSION

Our ambition is to inspire the study and maturity of non associative algebraic structure
(LA-ring). The objective is to explain original methodological developments on ordered LA-
rings, which will be very helpful for upcoming theory of algebraic structure. The ideal of
fuzzy set to the characterizations of LA-rings are captivating a great attention of algebraist.
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The aim of this paper is to investigate, the study of (regular, intra-regular) LA-rings by using
of fuzzy left (right, interior, quasi-, bi-, generalized bi-) ideals.
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