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Summary. In this paper, we extend the characterizations of Kuroki [17], by initiating the 

concept of intuitionistic fuzzy left ( resp. right, interior, quasi-, bi-,  generalized bi- )  ideals in 

a class of non-associative and non-commutative rings ( LA-ring ) . We characterize regular 

( intra-regular, both regular and intra-regular )  LA-rings in terms such ideals. 

 

1 INTRODUCTION 

In ternary operations, the commutative law is given by .cbaabc   Kazim and Naseerudin 

[7], have generalized this notion by introducing the parenthesis on the left side of this 

equation to get a new pseudo associative law, that is  .)()( acbcab   This law  acbcab )()(   is 

called the left invertive law. A groupoid S  is called a left almost semigroup ( abbreviated as 

LA-semi-group )  if it satisfies the left invertive law. An LA-semi-group is a midway structure 

between a commutative semigroup and a groupoid. 

A groupoid S  is said to be medial ( resp. paramedial ) if ))(())(( bdaccdab   ( resp.  

)).)(())(( cadbcdab   An LA-semi-group is medial, but in general an LA-semi-group needs not 

to be paramedial. Every LA-semi-group with left identity is paramedial and also satisfies  
).)(())((),()( badccdabacbbca   

 Kamran [16], extended the notion of LA-semi-group to the left almost group ( LA-

group ).  An LA-semi-group G is called a left almost group, if there exists a left identity  

Ge    such that  aea    for all  Ga    and for every  Ga    there exists  Gb    such that  

.eba     

Shah et al. [22], by a left almost ring, mean a non-empty set R  with at least two elements 

such that  ,R  is an LA-group,  ,R  is an LA-semi-group, both left and right distributive 

laws hold. For example, from a commutative ring  ,,, R  we can always obtain an LA-ring  

 ,,R  by defining for all ,, Rba   abba   and ba   is same as in the ring. Although 

the structure is non-associative and non-commutative, nevertheless, it possesses many 

interesting properties which we usually find in associative and commutative algebraic 

structures.  

A non-empty subset A  of R  is called an LA-subring of R  if Aba   and Aab   for all  
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., Aba   A  is called a left ( resp. right )  ideal of R  if  ,A   is an LA-group and 

(ARA  resp.  ).AAR   A is called an ideal of  R  if it is both a left ideal and a right 

ideal of  .R  

A non-empty subset A  of R  is called an interior ideal of R  if  ,A  is an LA-group 

and .)( ARRA   A non-empty subset A  of R  is called a quasi-ideal of R  if  ,A  is an LA-

group and .ARAAR   An LA-subring A  of R  is called a bi-ideal of R  if  .)( AAAR    A 

non-empty subset A  of  R  is called a generalized bi-ideal of R  if  ,A   is an LA-group and 

.)( AAAR    

We will define the concept of intuitionistic fuzzy left ( resp. right, interior, quasi-, bi-, 

generalized bi- ) ideals of an LA-ring .R  We will establish a study by discussing the different 

properties of such ideals. We will characterize regular ( resp. intra-regular, both regular and 

intra-regular )  LA-rings by the properties of intuitionistic fuzzy ( left, right, quasi-, bi-, 

generalized bi- )  ideals such ideals. 

2 INTUITIONISTIC FUZZY IDEALS IN LA-RINGS 

After, the introduction of fuzzy set by Zadeh [24], several researchers explored on the 

generalization of the notion of fuzzy set. The concept of intuitionistic fuzzy set was 

introduced by Atanassov [1], as a generalization of the notion of fuzzy set. Liu [18], 

introduced the concept of fuzzy subrings and fuzzy ideals of a ring. Many authors have 

explored the theory of fuzzy rings ( for example [3, 9, 11-15, 18, 19-20, 23] ).  Gupta and 

Kantroo [4], gave the idea of intrinsic product of fuzzy subsets of a ring. Kuroki [17], 

characterized regular ( intra-regular, both regular and intra-regular )   rings in terms of fuzzy 

left ( right, quasi, bi- )  ideals. 

An intuitionistic fuzzy set ( briefly, IFS )  A  in a non-empty set X  is an object having the 

form },:))(),(,{( XxxxxA AA    where the functions ]1,0[: XA  and ]1,0[: XA  

denote the degree of membership and the degree of non-membership, respectively and  

1)()(0  xx AA    for all  Xx    [1]. 

An intuitionistic fuzzy set }:))(),(,{( XxxxxA AA    in X  can be identified to be an 

ordered pair  ),( AA    in  ,XX II    where  
XI   is the set of all functions from  X   to  ].1,0[   

For the sake of simplicity,  we shall use the symbol  ),( AAA    for the IFS  

}.:))(),(,{( XxxxxA AA     

Banerjee and Basnet [2] and Hur et al. [6], initiated the notion of intuitionistic fuzzy 

subrings and intuitionistic fuzzy ideals of a ring. Subsequently many authors studied the 

intuitionistic fuzzy subrings and intuitionistic fuzzy ideals of a ring by describing the different 

properties ( see [5] ).  Shah et al. [21, 22] initiated the concept of intuitionistic fuzzy normal 

subrings over a non-associative ring and also characterized the non-associative rings by their 

intuitionistic fuzzy bi-ideals in [8]. Kausar [10] explored the notion of direct product of finite 

intuitionistic anti fuzzy normal subrings over non-associative rings. 
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We initiate the notion of intuitionistic fuzzy left ( resp. right, interior, quasi-, bi-, 

generalized bi- )  ideals of an LA-ring .R    

 An intuitionistic fuzzy set ( IFS )  ),( AAA   of an LA-ring R  is called an intuitionistic 

fuzzy LA-subring of R  if 

       )},(,min{1 yxyx AAA     

       )},(,max{2 yxyx AAA     

        },,min{3 yxxy AAA     

        },,max{4 yxxy AAA   for all ., Ryx     

An IFS ),( AAA   of an LA-ring R  is called an intuitionistic fuzzy left ideal of  R  if  

       )},(,min{1 yxyx AAA     

       )},(,max{2 yxyx AAA     

      ,3 yxy AA     

      ,4 yxy AA    for all ., Ryx     

An IFS ),( AAA   of an LA-ring R  is called an intuitionistic fuzzy right ideal of R  

if  

       )},(,min{1 yxyx AAA     

       )},(,max{2 yxyx AAA     

      ,3 xxy AA     

      ,4 xxy AA    for all  ., Ryx     

An IFS ),( AAA  of R  is called an intuitionistic fuzzy ideal of an LA-ring R if it is 

both an intuitionistic fuzzy left ideal and an intuitionistic fuzzy right ideal of .R    

Let A  be a non-empty subset of an LA-ring .R  Then the intuitionistic characteristic of  A  is 

denoted by 
AAA   ,  and defined by  

   


















Ax

Ax
x

Ax

Ax
x

AA   1

 0

  0

  1

if

if
 and

if

if  
   

We note that an LA-ring R  can be considered an intuitionistic fuzzy set of itself and we 

write ,RIR   i.e.,    )0,1(,)(  RRxR   for all  .Rx    

Let A  and B  be two intuitionistic fuzzy sets of an LA-ring .R  Then 

   BABA  1  and ,BA     

 BABA )2( and ,AB    

    ,,3 AA

cA    
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 )4(     ,,, BABABABABA     

    ,,,)5( BABABABABA    

 )6(     .0,11),1,0(0   

The product of ),( AAA   and ),( BBB   is denoted by  

),( BABABA     and defined as: 
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An IFS  AAA  ,   of an LA-ring R  is called an intuitionistic fuzzy interior ideal of R   

if  

       ),(1 yxyx AAA     

       ),(2 yxyx AAA     

      ,)(3 yzxy AA     

      ,)(4 yzxy AA    for all .,, Rzyx    

An IFS  AAA  ,  of an LA-ring R  is called an intuitionistic fuzzy quasi-ideal of R  if 

       ,1 AAA RR      

     ,)2( AAA RR      

       ),(3 yxyx AAA     

       ),(4 yxyx AAA    for all ., Ryx    

An Intuitionistic fuzzy LA-subring  AAA  ,  of an LA-ring R  is called an 

intuitionistic fuzzy bi-ideal  of R   if  

        ,)(1 zxzxy AAA     

        ,)(2 zxzxy AAA    for all .,, Rzyx    

An IFS  AAA  ,  of an LA-ring R  is called an intuitionistic fuzzy generalized bi-ideal 

of  R   if  

       ),(1 yxyx AAA     
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       ),(2 yxyx AAA     

        ,)(3 zxzxy AAA     

        ,)(4 zxzxy AAA   for all .,, Rzyx    

An intuitionistic fuzzy ideal  AAA  , of an LA-ring R is called an intuitionistic 

fuzzy idempotent if 
AAA    and .AAA      

Now we give some imperative properties of such ideals of an LA-ring ,R  which will be 

very helpful in later sections.  

Lemma 2.1: Let R  be an LA-ring. Then the following properties hold: 

  1      ,ABCCBA     

          ,2 DBCADCBA    

      ,3 CABCBA     

         ),(4 ACBDDCBA     

          ,5 ABCDDCBA    for all intuitionistic fuzzy sets CBA ,,  and D  of  .R  

Proof: Obvious.  

Theorem 2.2: Let A  and B  be two non-empty subsets of an LA-ring .R  then the following 

properties hold: 

  1   If  BA    then  .BA     

   .2 ABBA     

    

  4    .BABA     

 Proof:  1   Suppose that  BA    and  .Ra    If  ,Aa    this implies that  .Ba   Thus  

)(1)( aa
BA      and  ),(0)( aa

BA      i.e.,  .BA      

If  ,Aa   and .Ba    Thus  )(0)( aa
BA      and  ),(1)( aa

BA     i.e.,  

.BA     

If αA and αB. Thus μA(α) = 0 and μB(α) = 1 and γA(α) = 1 and γB(α) = 0, i.e.,  

 2  Let xR and xAB. This means that x=ab for some αA and bB.  

Now 

If ,ABx    i.e.,  abx    for all  Aa    and  .Bb   Then there are two cases.  

    
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 i  If  uvx    for some  ,, Rvu    then  

    
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 ii  If  uvx    for all  ,, Rvu    then obviously  ).(0))(( xx ABBA     Hence  

.ABBA    

Similarly, we can prove (3) and (4).  

Theorem 2.3: Let A  be a non-empty subset of an LA-ring .R  then the following properties 

hold.  

   A1  is an LA-subring of  R   if and only if A  is an intuitionistic fuzzy LA-subring of  .R   

   A2  is a left ( resp. right, two-sided )  ideal of R  if and only if A  is an intuitionistic 

fuzzy left (  resp. right,  two-sided )  ideal of  .R   

Proof:  1  Let A  be an LA-subring of R  and ., Rba   If  ,, Aba    then by definition  

)(1)( ba AA    and ).(0)( ba AA   Since ba    and  AAab ,   being an LA-

subring of ,R  this implies that )(1)( abba AA    and ).(0)( abba AA     

Thus  

   

   .)()(,)()(

)()(,)()(

baabbaba

baabbaba

AAAAAA

AAAAAA


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



 and
 

Similarly, we have  

   

   .)()(,)()(
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



 and
 

when ., Aba   Hence A  is an intuitionistic fuzzy LA-subring of .R    

Conversely, suppose that A  is an intuitionistic fuzzy LA-subring of R  and let  ., Aba    

This means that  )(1)( ba AA    and ).(0)( ba AA   Since  

 

 

 

  ,000)()(
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,111)()(
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


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AAA

AAA
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







 

A  being an intuitionistic fuzzy LA-subring of .R  Thus )(1)( abba AA    and  

),(0)( abba AA     i.e.,  ba    and  .Aab    Hence  A   is an LA-subring of  .R   
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  2   Let A  be a left ideal of R  and ., Rba   If ,, Aba   then by definition  

)(1)( ba AA     and ).(0)( ba AA   Since ba   and AAab ,  being a left 

ideal of  ,R  this implies that )(1)( abba AA    and ).(0)( abba AA     Thus  

   

   .)(,)()(

)(,)()(
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 and
 

Similarly, we have  

   
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when ., Aba   Therefore A  is an intuitionistic fuzzy left ideal of .R    

Conversely, assume that  A   is an intuitionistic fuzzy left ideal of  R   and let                       

Aba ,  and  .Rz   This means that )(1)( ba AA     and  ).(0)( ba AA    

Since 

 

 
 

 

 

A  being an intuitionistic fuzzy left ideal of .R  Thus )(1)( zbba AA    and  

),(0)( zbba AA     i.e.,  ba    and  .Azb   Therefore  A   is a left ideal of  .R    

Remark 2.4:    Ai   is an additive LA-subgroup of R  if and only if A  is an intuitionistic 

fuzzy additive LA-subgroup of  .R   

  Aii  is an LA-subsemigroup of R  if and only if A  is an intuitionistic fuzzy LA-

subsemigroup of  .R   

Lemma 2.5: If A  and B  are two intuitionistic fuzzy LA-subrings ( resp. ( left, right, two-

sided )  ideals )  of an LA-ring ,R   then BA   is also an intuitionistic fuzzy LA-subring       

( resp. ( left, right, two-sided )  ideal )  of .R   

Proof: Obvious. 

Lemma 2.6: If A  and B  are two intuitionistic fuzzy LA-subrings of an LA-ring ,R  then  

BA    is also an intuitionistic fuzzy LA-subring of  .R   

Proof: Let  AAA  ,  and  BBB  ,  be two intuitionistic fuzzy LA-subrings of .R   We 

have to show that  BA    is also an intuitionistic fuzzy LA-subring of  .R   Now  

.)()()()()(

)()()()()(

2

2

BABBAABABABA
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











 and  

Since BBB    and  BBBBB B  ,,   being an intuitionistic fuzzy 

LA-subring of .R  This implies that BABBA    )(  and  

 

 

 
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,000)()(
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,111)()(
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,)( BABBA     i.e., BABABA     and  

.BABABA     Therefore BA   is an intuitionistic fuzzy LA-subring of .R    

Remark 2.7: If A   is an intuitionistic fuzzy LA-subring of an LA-ring ,R   then AA    is 

also an intuitionistic fuzzy LA-subring of .R   

Lemma 2.8: Let R   be an LA-ring with left identity .e  Then  RRR    and  .Re ReR   

Proof: Since RRR   and  ,RRexx    where  ,Rx    i.e.,  .RRR   Since e  is the left 

identity of ,R  i.e.,  .ReR    Now    .)(Re RRRReReRR     

Lemma 2.9: Let R  be an LA-ring with left identity .e  Then every intuitionistic fuzzy right 

ideal of R   is an intuitionistic fuzzy ideal of .R   

Proof: Let  AAA  ,  be an intuitionistic fuzzy right ideal of R  and ., Ryx   Now 

           

           .yyxeyxyexxy

yyxeyxyexxy

AAAAA

AAAAA









 and  

Thus A  is an intuitionistic fuzzy ideal of .R   

Lemma 2.10: If A and B  are two intuitionistic fuzzy left (  resp. right )  ideals of an LA-

ring R  with left identity ,e   then BA    is also an intuitionistic fuzzy left ( resp. right )   

ideal of .R   

Proof: Let  AAA  , and  BBB  ,  be two intuitionistic fuzzy left ideals of .R   We 

have to show that BA   is also an intuitionistic fuzzy left ideal of .R  

Since BABABA    and BABABA    . Now  

).()()()()()(

)()()()()()(
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 and  

Hence BA   is an intuitionistic fuzzy left ideal of .R   

Remark 2.11: If A  is an intuitionistic fuzzy left ( resp. right )  ideal of an LA-ring R  with 

left identity ,e   then  AA    is an intuitionistic fuzzy  ideal of  .R  
Lemma 2.12: If A  and B  are two intuitionistic fuzzy ideals of an LA-ring ,R  then  

.BABA    

Proof: Let  AAA  ,  and  BBB  , be two intuitionistic fuzzy ideals of  R   and  

.Rx   If x  cannot expressible as ,
1 ii

n

i
bax 

  where Rba ii ,  and n  is any positive 

integer, then obviously ,BABA    otherwise we have 
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Similarly, we can prove .BABA    
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Therefore BABA   for all intuitionistic fuzzy ideals A  and B  of .R   

Remark 2.13: If A  is an intuitionistic fuzzy ideal of an LA-ring  ,R   then  .AAA    

Lemma 2.14: Let R  be an LA-ring. Then BABA   for every intuitionistic fuzzy right 

ideal A and every intuitionistic fuzzy left ideal B  of .R   

Proof: Same as Lemma 2.12 

Theorem 2.15: Let A  be a non-empty subset of an LA-ring .R  Then  is an interior (resp. 

quasi-, bi-, generalized bi-) ideal of R  if and only if A  is an intuitionistic fuzzy interior 

(resp. quasi-, bi-, generalized bi-) ideal of  .R   

Proof: Let A  be an interior ideal of ,R  this implies that A  is an additive LA-subgroup of 

.R Then A is an intuitionistic fuzzy additive LA-subgroup of R  by the Remark 2.4. Let  

.,, Rayx   If ,Aa   then by definition 1)( a
A  and .0)( a

A Since  

AAyxa ,)(   being an interior ideal of ,R  this means that 1))(( yxa
A  and 

.0))(( yxa
A  Thus )())(( ayxa

AA     and  ).())(( ayxa
AA     Similarly, we 

have )())(( ayxa
AA     and  ),())(( ayxa

AA      when  .Aa    Hence  A   is an 

intuitionistic fuzzy interior ideal of  .R    

Conversely, suppose that A  is an intuitionistic fuzzy interior ideal of ,R this means that A  

is an intuitionistic fuzzy additive LA-subgroup of .R  Then A  is an additive LA-subgroup of 

R  by the Remark 2.4. Let Ryx ,  and ,Aa    so  1)( a
A  and .0)( a

A  Since 

1)())((  ayxa
AA    and ,0)())((  ayxa

AA    A  being an intuitionistic 

fuzzy interior ideal of .R  Thus 1))(( yxa
A  and  ,0))(( yxa

A   i.e.,  .)( Ayxa   

Hence A  is an interior ideal of .R  Similarly, we can prove for (quasi-, bi-, generalized bi-) 

ideal. 

Lemma 2.16: If A  and B  are two intuitionistic fuzzy bi- ( resp. generalized bi-, quasi-, 

interior )  ideals of an LA-ring ,R  then BA  is also an intuitionistic fuzzy bi- ( resp. 

generalized bi-, quasi-, interior )  ideal of  .R   

Proof: Obvious.  

Lemma 2.17: If A  and B  are two intuitionistic fuzzy bi- ( resp. generalized bi-, interior )   

ideals of an LA-ring R  with left identity ,e  then BA   is also an intuitionistic fuzzy bi-  

( resp. generalized bi-, interior )  ideal of .R   

Proof: Let  AAA  ,  and  BBB  ,  be two intuitionistic fuzzy bi-ideals of .R   We 

have to show that  BA    is also an intuitionistic fuzzy bi-ideal of .R  Since A  and  B  are 

two intuitionistic fuzzy LA-subrings of ,R then BA   is also an intuitionistic fuzzy LA-

subring of R  by the Lemma 2.6. Now 
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Similarly, we have .)())(( BABABA R     Therefore BA   is an intuitionistic 

fuzzy bi-ideal of  .R   

Lemma 2.18: Every intuitionistic fuzzy ideal of an LA-ring R  is an intuitionistic fuzzy 

interior ideal of  .R  The converse is not true in general. 

Proof: Let ),( AAA   be an intuitionistic fuzzy ideal of R  and .,, Rzyx   Thus  

     yxyzxy AAA  )(  and      .)( yxyzxy AAA    Hence A  is an intuitionistic 

fuzzy interior ideal of  .R  
The converse is not true in general, giving an example: 

Example 2.19: Let }7,6,5,4,3,2,1,0{R   is an LA-ring. 

033003307

077007706

077007705

033003304

000000003

044004402

044004401

000000000

76543210

 

012345677

203164756

130257465

321076544

456701233

647520312

574613021

765432100

76543210 

      and

 

Let  ),( AAA    be an IFS of an LA-ring .R  We define   

,7.0)4()0(  AA     0)7()6()5()3()2()1(  AAAAAA   

and ,0)4()0(  AA     .7.0)7()6()5()3()2()1(  AAAAAA   

),( AAA   is an intuitionistic fuzzy interior ideal of ,R  but not an intuitionistic fuzzy 

ideal of  ,R   because A  is not an intuitionistic fuzzy right ideal of  ,R  as 

).4()41(

.0)4(

.7.0)3()41(

).4()41(

.7.0)4(

.0)3()41(

AA

A

AA

AA

A

AA

























 and
 

Proposition 2.20: Let ),( AAA   be an IFS of an LA-ring R  with left identity .e  Then  

A   is an intuitionistic fuzzy ideal of R if and only if A  is an intuitionistic fuzzy interior ideal 

of .R   

Proof: Let ),( AAA   be an intuitionistic fuzzy interior ideal of R  and ., Ryx    

Thus )())(()( xyexxy AAA    and ),())(()( xyexxy AAA    i.e., A  is an 

intuitionistic fuzzy right ideal of  .R  Hence A  is an intuitionistic fuzzy ideal of  R   by the 

Lemma 2.9. Converse is true by the Lemma 2.18. 
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Lemma 2.21: Every intuitionistic fuzzy left ( resp. right, two-sided )  ideal of an LA-ring R   

is an intuitionistic fuzzy bi-ideal of .R  
Proof: Suppose that ),( AAA   is an intuitionistic fuzzy right ideal of R  and  

.,, Rzyx   Thus  

               xxyzxy AAA  )(  and ),()())(())(( zzyxzyzxy AAAA     

this implies that ).()())(( zxzxy AAA    Similarly, we have ).()())(( zxzxy AAA    

Therefore A  is an intuitionistic fuzzy bi-ideal of  .R  
The converse is not true in general, giving an example: 

Using Example 2.19, ),( AAA   is an intuitionistic fuzzy bi-ideal of ,R  but not an 

intuitionistic fuzzy right ideal of ,R  as 

).4()41(
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.7.0)3()41(

).4()41(
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.0)3()41(
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









 and

 

Lemma 2.22: Every intuitionistic fuzzy bi-ideal of an LA-ring R  is an intuitionistic fuzzy 

generalized bi-ideal of  .R   

Proof: Obvious.  

Lemma 2.23: Every intuitionistic fuzzy left (  resp. right, two-sided )  ideal of an LA-ring  R   

is an intuitionistic fuzzy quasi-ideal of .R   

Proof: Assume that  AAA  ,  is an intuitionistic fuzzy left ideal of .R  Now  

AAAA RRR     and .AAAA RRR     So A  is an intuitionistic 

fuzzy quasi-ideal of .R   

Lemma 2.24: Let R   be an LA-ring with left identity ,e  such that xRRxe )(   for all  

.Rx  Then every intuitionistic fuzzy quasi-ideal of R  is an intuitionistic fuzzy bi-ideal of  

.R   

Proof: Let   AAA  ,   be an intuitionistic fuzzy quasi-ideal of R  and AAA   by the 

Proposition 2.20. Now  

.)(

.)()()(

)()()()(
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

 and

 

Similarly, .)( AAAAA RRR    Hence A  is an intuitionistic fuzzy bi-ideal 

of .R   
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3 REGULAR LA-RINGS 

An LA-ring R  is called a regular if for every ,Rx  there exists an element  Ra    

such that .)( xxax   In this section, we characterize regular LA-rings by the properties of 

intuitionistic fuzzy left ( right, quasi-, bi-, generalized bi- )  ideals.  

Lemma 3.1: Every intuitionistic fuzzy right ideal of a regular LA-ring R  is an intuitionistic 

fuzzy ideal of  .R   

Proof: Suppose that  AAA  ,  is an intuitionistic fuzzy right ideal of .R  Let  ,, Ryx   this 

implies that there exists an element ,Ra  such that .)( xxax   Thus    

                                )()()))((()))((()( yyxxayxyxxaxy AAAAA    

and 

                                ).()()))((()))((()( yyxxayxyxxaxy AAAAA    

Hence A  is an intuitionistic fuzzy ideal of .R  
Lemma 3.2: Let  AAA  ,  be an IFS of a regular LA-ring .R  Then A  is an 

intuitionistic fuzzy ideal of R   if and only if A  is an intuitionistic fuzzy interior ideal of .R   

Proof: Consider that  AAA  ,  is an intuitionistic fuzzy interior ideal of .R  Let  

,, Ryx   then there exists an element ,Ra   such that .)( xxax   Thus   

                                )()))((()))((()( xxayxyxxaxy AAAA     

and  

                               ),()))((()))((()( xxayxyxxaxy AAAA     

 i.e., A  is an intuitionistic fuzzy right ideal of .R  So A  is an intuitionistic fuzzy ideal of R  

by the Lemma 3.1. Converse is true by the Lemma 2.18. 

Remark 3.3: The concept of intuitionistic fuzzy (  interior, two-sided )  ideals coincides with 

the same concept in regular LA-rings. 

Proposition 3.4: Let R  be a regular LA-ring. Then AARRA  )()(   for every 

intuitionistic fuzzy right ideal A  of .R   

Proof: Suppose that  AAA  ,  is an intuitionistic fuzzy right ideal of .R  This implies that 

,)()( AARRA    because every intuitionistic fuzzy right ideal of R  is an intuitionistic 

fuzzy quasi-ideal of R  by the Lemma 2.23. Let ,Rx   this implies that there exists an 

element ,Ra   such that .)( xxax   Thus 
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 and  
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Similarly, we have ,ARA  i.e., ).()( ARRAA     Hence  .)()( AARRA     

Lemma 3.5: Let R  be a regular LA-ring. Then LDLD   for every intuitionistic fuzzy 

right ideal D  and every intuitionistic fuzzy left ideal  L   of  .R   

Proof: Since ,LDLD   for every intuitionistic fuzzy right ideal  DDD  ,  and every 

intuitionistic fuzzy left ideal  LLL  ,  of R  by the Lemma 2.14. Let  ,Rx    this means 

that there exists an element  Ra    such that  .)( xxax    Thus  

    
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 and
 

Therefore .LDLD    

Lemma 3.6: Let R  be an LA-ring with left identity .e  Then Ra  is the smallest left ideal of  

R   containing  .a   

Proof: Let Rayx ,  and .Rr   This implies that arx 1   and  ,2 ary   where  

., 21 Rrr   Now  

.))((

))(()))((()))(((

)))((())(())(()(

)(

1

111

1111

2121

Raarer

erarerareearer

eerarerararerarrrx

Raarrararyx









 and
 

Since .Raeaa   Thus Ra  is a left ideal of R  containing .a  Let I  be another left ideal of 

R containing .a  Since ,Ira   where ,Rara   i.e., .IRa   Hence Ra  is the smallest 

left ideal of R  containing .a   

Lemma 3.7: Let R  be an LA-ring with left identity .e  Then aR   is a left ideal of  .R   

Proof: Straight forward.  

Proposition 3.8: Let R   be an LA-ring with left identity .e  Then RaaR   is the smallest right 

ideal of R  containing .a   

Proof: Let ,, RaaRyx   this means that aRyx ,  or .Ra  Since aR  and Ra  both are left 

ideals of ,R  so aRyx   and ,Ra  i.e., .RaaRyx   We have to show that  

).()( RaaRRRaaR   Now  

.)(

.)(

)()(Re)(

))(()()()()(

RaaRRRaaR

RaaRaRRaRRaRa

aRRRaaRRa

eRRaaRRRRaRaRRRaaR








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Since ,Raa   i.e., .RaaRa   Let I be another right ideal of R  containing .a  Since  

IIRaR   and ,)()()( IIRRIRRaRaRRRa   i.e., .IRaaR    Therefore 

RaaR   is the smallest right ideal of R  containing .a   

Theorem 3.9: Let R  be an LA-ring with left identity ,e  such that  xRRxe )(   for all  

.Rx    Then the following conditions are equivalent. 

  1   R   is a regular. 

  2  LDLD    for every intuitionistic fuzzy right ideal  D   and every intuitionistic 

fuzzy left ideal  L   of  .R   

  3   CRCC  )(   for every intuitionistic fuzzy quasi-ideal  C   of  .R   

Proof: Suppose that  1  holds and  CCC  , be an intuitionistic fuzzy quasi-ideal of .R  

Then  ,)( CCRC    because every intuitionistic fuzzy quasi-ideal of R  is an 

intuitionistic fuzzy bi-ideal of R  by the Lemma 2.24. Let  ,Rx   this implies that there 

exists an element a  of R  such that  .)( xxax   Thus  

    

    

.)(

).()()()(

)(}{

)())((

})({))()((

1

1

1

1

CCC

CCC

CiiC

n

i
qpxa

CC

iCiC

n

i
baa

CC

R

xxaRx

xqRp

xxaR

baRxR

ii

n

i

ii

n

i











































 

Similarly, we have ,)( CCC R    i.e., .)( CRCC  Hence  1  implies  .3   

Assume that )3(  holds. Let D  be an intuitionistic fuzzy right ideal and L  be an intuitionistic 

fuzzy left ideal of .R  This means that D  and L  be intuitionistic fuzzy quasi-ideals of  R   by 

the Lemma 2.23, so  LD    be also an intuitionistic fuzzy quasi-ideal of  .R   Then by our 

assumption, ,)()())(( LDLRDLDRLDLD    i.e., .LDLD    Since  

.LDLD   Therefore ,LDLD   i.e.,   ).2(3   Suppose that  2  is true and  

.Ra    Then  Ra   is a left ideal of  R   containing  a   by the Lemma 3.7 and RaaR   is a 

right ideal of R  containing a  by the Proposition 3.8. This implies that Ra  is an intuitionistic 

fuzzy left ideal and RaaR   is an intuitionistic fuzzy right ideal of ,R  by the Theorem 2.3. 

Then by our supposition  

                    
,RaRaaRRaRaaR      i.e.,      RaRaaRRaRaaR      

by the Theorem 2.2. Thus  .)()( RaRaaRRaRaaR   Since ,)( RaRaaRa   i.e., 

,)( RaRaaRa   so ).)(())(( RaRaRaaRa   This implies that  

                                                  ))(( RaaRa   or ).)(( RaRaa    

If ),)(( RaaRa   then   
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ayxeaaayxeaxeayaxaeyaxyayaaxa )))((()))((()))((()))((())(())((   for any  

., Ryx    

If ),)(( RaRaa   then ),)(())()(())(((Re)))(( RaaRRaRaeRaaRaRa   i.e.,  

).)(( RaaRa   So a  is a regular, i.e., R   is a regular. Hence    .12     

Theorem 3.10: Let R  be an LA-ring with left identity ,e  such that xRRxe )(   for all 

.Rx   Then the following conditions are equivalent. 

  1    R   is a regular. 

 ARAA  )()2(    for every intuitionistic fuzzy quasi-ideal A  of  .R   

  3    BRBB  )(   for every intuitionistic fuzzy bi-ideal B  of  .R   

   CRCC  )(4    for every intuitionistic fuzzy generalized bi-ideal C  of .R   

 Proof:    ),4(1   is obvious. Since    ,34   every intuitionistic fuzzy bi-ideal of R  is an 

intuitionistic fuzzy generalized bi-ideal of R  by the Lemma 2.22. Since     ,23    every 

intuitionistic fuzzy quasi-ideal of  R   is an intuitionistic fuzzy bi-ideal of  R   by the Lemma 

15.    ,12   by the Theorem 3.9. 

Theorem 3.11: Let R  be an LA-ring with left identity ,e  such that  xRRxe )(   for all  

.Rx    Then the following conditions are equivalent. 

 1    R   is a regular. 

 2  AIAIA  )(  for every intuitionistic fuzzy quasi-ideal A  and every intuitionistic 

fuzzy ideal I   of  .R   

 3  BIBIB  )(   for every intuitionistic fuzzy bi-ideal B  and every intuitionistic 

fuzzy ideal  I   of  .R   

 4  CICIC  )(   for every intuitionistic fuzzy generalized bi-idea C   and every 

intuitionistic fuzzy ideal  I   of  .R   

 Proof: Assume that  1  holds. Let  CCC  ,  be an intuitionistic fuzzy generalized bi-

ideal and  III  ,  be an intuitionistic fuzzy ideal of .R  Now  

IRIRIRCIC   )()(  and ,)()( CCRCCIC    i.e.,  

.)( ICCIC    Let  ,Rx    this means that there exists an element  Ra    such that  

.)( xxax    Now  ).)(())(())(( aaxxxaaxaxxaxa    Thus  

    

    

.)(

).)(()()(

)())(()(

)(}{

)())((

})({))()((

1

1

1

1

CICIC

ICIC

CIC

CiIiC

n

i
qpxa

CIC

iCiIC

n

i
bax

CIC

xxx

xaaxx

xqp

xxa

bax

ii

n

i

ii

n

i















































 

Similarly, we have .)( CICIC    Hence ,)( CICIC    i.e.,     .41    

It is clear that    34   and   ).2(3   Suppose that )2(  is true. Then  
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,)( ARARA   where R  itself is an intuitionistic fuzzy two-sided ideal of .R  So  

,)( ARAA  because every intuitionistic fuzzy two-sided ideal of R  is an intuitionisitc 

fuzzy quasi-ideal of .R  Hence R  is a regular by the Theorem 3.9, i.e.,     .12    

Theorem 3.12: Let R  be an LA-ring with left identity ,e  such that  xRRxe )(   for all  

.Rx   Then the following conditions are equivalent. 

 1   R  is a regular. 

 2  ADDA   for every intuitionistic fuzzy quasi-ideal A  and every intuitionistic 

fuzzy right ideal  D   of  .R   

 3  BDDB    for every intuitionistic fuzzy bi-ideal B  and every intuitionistic fuzzy 

right ideal  D   of  .R   

  CDDC 4  for every intuitionistic fuzzy generalized bi-ideal C  and every 

intuitionistic fuzzy right ideal  D   of  .R   

Proof:    ),4(1   is obvious. It is clear that     34    and     .23   Suppose that   2  

holds, this implies that ,ADDAAD   where A  is an intuitionistic fuzzy left ideal of 

.R  Since  ,ADAD    i.e.,  .ADAD   Hence R  is a regular by the Theorem 3.9, 

i.e.,    .12    

4 IINTRA-REGULAR LA-RINGS  

An LA-ring An LA-ring R  is called an intra-regular if for every ,Rx   there exist 

elements  Rba ii ,   such that  .)( 2

1 ii

n

i
bxax 


 In this section, we characterize intra-

regular LA-rings by the properties of intuitionistic fuzzy left ( right, quasi-, bi-, generalized 

bi- )  ideals. 

Lemma 4.1: Every intuitionistic fuzzy left (  right )  ideal of an intra-regular LA-ring R  is an 

intuitionistic fuzzy ideal of .R   

Proof: Suppose that  AAA  ,  is an intuitionistic fuzzy right ideal of .R  Let  ,, Ryx   

this implies that there exist elements ,, Rba ii   such that  .)( 2

1 ii

n

i
bxax 

  Thus 

).()(

)))((()))((()(

)()(

)))((()))((()(

22

22

yyb

xaybybxaxy

yyb

xaybybxaxy

AiA

iiAiiAA

AiA

iiAiiAA

















 and
 

Hence A  is an intuitionistic fuzzy ideal of .R  
Proposition 4.2: Let  A   be an IFS of an intra-regular LA-ring R  with left identity .e  Then  

A   is an intuitionistic fuzzy ideal of R  if and only if A  is an intuitionistic fuzzy interior ideal 

of  .R   

Proof: Suppose that  AAA  , is an intuitionistic fuzzy interior ideal of .R  Let ,, Ryx   

this implies that there exist elements ,, Rba ii   such that  .)( 2

1 ii

n

i
bxax 

  Thus 
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).()))()(((

)))()((()))()(((

)))((()))((()( 22

xxabyx

xaxybxxayb

xaybybxaxy

AiiA

iiAiiA

iiAiiAA













 

Similarly, we have ),()( xxy AA    i.e., A  is an intuitionistic fuzzy right ideal of .R  Hence 

A  is an intuitionistic fuzzy ideal of R  by the Lemma 4.1. Converse is true by the Lemma 

2.18. 

Remark 4.3: The concept of intuitionistic fuzzy (  interior, two-sided )  ideals coincides in 

intra-regular LA-rings with left identity.  

Lemma 4.4: Let R   be an intra-regular LA-ring with left identity .e  Then DLLD   

for every intuitionistic fuzzy left ideal  L   and every intuitionistic fuzzy right ideal D  of  .R   

Proof: Let  LLL  ,  be an intuitionistic fuzzy left ideal and  DDD  ,  be an 

intuitionistic fuzzy right ideal of .R  Let ,Rx   this means that there exist elements such that 

Rba ii ,  such that  .)( 2

1 ii

n

i
bxax 

  Now 

).))((()))((()))(((

))(())(()( 2
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bxaxbxxabxax
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Thus  
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
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
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 and

 

Theorem 4.5: Let R  be an LA-ring with left identity ,e  such that xRRxe )(  for all  

.Rx    Then the following conditions are equivalent. 

 1  R   is an intra-regular. 

 2  DLLD   for every intuitionistic fuzzy left ideal L  and every intuitionistic fuzzy 

right ideal D  of  .R   

Proof:     21   is true by the Lemma 4.4. Suppose that   2   holds. Let  ,Ra    then  

Ra   is a left ideal of  R   containing  a   by the Lemma 3.6 and  RaaR    is a right ideal of R  

containing a  by the Proposition 3.8. So Ra  is an intuitionistic fuzzy left ideal and RaaR    

is an intuitionistic fuzzy right ideal of ,R   by the Theorem 1.3. By our supposition  

                       
,RaaRRaRaRaaR      i.e.,    RaaRRaRaRaaR   )(   
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by the Theorem 1.2. Thus  ).()( RaaRRaRaRaaR    Since  ,)( RaRaaRa    i.e.,  

).)(())(()( RaRaaRRaRaaRRaa   This implies that ))(( aRRaa   or ).)(( RaRaa    If  

),)(( aRRaa    then 

.)())((Re)()))(((

))(())(()))(((

)))((())))((((

)))()((()))()((())((

2 RRaRaaReaRa

RaRaRaRaaRRRa

RaRRaRRaeRa

aeRRRaRReaRaaRRa









 

So .)( 2 RRaa  If ),)(( RaRaa  then obvious .)( 2 RRaa   This implies that a  is an intra-

regular. Hence  R   is an intra-regular, i.e.,    .12    

Theorem 4.6: Let  R   be an LA-ring with left identity  ,e   such that  xRRxe )(   for all  

.Rx    Then the following conditions are equivalent. 

 1   R   is an intra-regular. 

 2  AIAIA  )(   for every intuitionistic fuzzy quasi-ideal A  and every intuitionistic 

fuzzy ideal  I   of  .R   

 3  BIBIB  )(   for every intuitionistic fuzzy bi-ideal B  and every intuitionistic 

fuzzy ideal  I  of  .R   

  CICIC  )(4    for every intuitionistic fuzzy generalized bi-ideal C  and every 

intuitionistic fuzzy ideal I   of  .R   

Proof: Suppose that   1  holds. Let  CCC  ,  be an intuitionistic fuzzy generalized bi-ideal 

and  III  ,  be an intuitionistic fuzzy ideal of .R  Now 

IRIRIRCIC   )()(  and ,)()( CCRCCIC    thus 

.)( ICCIC   Let ,Rx   this implies that there exist elements  Rba ii ,   such that  

.)( 2

1 ii

n

i
bxax 

  Now  
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Thus  
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
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Similarly, we have .)( CICIC   Hence ,)( CICIC   i.e.     .41   It 

is clear that    34  and    .23   Assume that  2  is true. Let A  be an intuitionistic fuzzy 

right ideal and I  be an intuitionistic fuzzy two-sided ideal of  .R   Since every intuitionistic 

fuzzy right ideal of R  is an intuitionistic fuzzy quasi-ideal of  R   by the Lemma 2.23, so A  

is an intuitionistic fuzzy quasi-ideal of .R  By our assumption  

  ,)( AIAIRAIAIA     i.e.,  .AIIA   Hence R  is an intra-regular 

by the Theorem 4.5, i.e.,     .12    

Theorem 4.7: Let R  be an LA-ring with left identity ,e  such that xRRxe )(   for all  

.Rx    Then the following conditions are equivalent. 

 1   R   is an intra-regular. 

 2  ALLA    for every intuitionistic fuzzy quasi-ideal A  and every intuitionistic fuzzy 

left ideal  L   of  .R   

 3  BLLB    for every intuitionistic fuzzy bi-ideal B  and every intuitionistic fuzzy 

left ideal  L   of  .R   

  CLLC 4  for every intuitionistic fuzzy generalized bi-ideal C  and every 

intuitionistic fuzzy left ideal L  of  .R   

Proof: Assume that  1 holds. Let  CCC  ,  be an intuitionistic fuzzy generalized bi-ideal 

and  LLL  ,  be an intuitionistic fuzzy left ideal of .R  Let  ,Rx   this means that there 

exist elements Rba ii ,  such that .)( 2

1 ii

n

i
bxax 

  Now  

.))(())(())(( xxabbxaxbxxax iiiiii   Thus 
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Similarly, we have .CLLC   Hence ,CLLC   i.e.,  .4)1(   It is clear 

that    34   and    .23   Suppose that  2  holds. Let A  be an intuitionistic fuzzy right 

ideal and L  be an intuitionistic fuzzy left ideal of .R  Since every intuitionistic fuzzy right 

ideal of  R  is an intuitionistic fuzzy quasi-ideal of ,R  this implies that A  is an intuitionistic 

fuzzy quasi-ideal of .R  By our supposition ., ALLA   Thus R   is an intra-regular by the 

Theorem 4.5, i.e.,    .12   

5 CONCLUSION 

Our ambition is to inspire the study and maturity of non associative algebraic structure 

(LA-ring). The objective is to explain original methodological developments on ordered LA-

rings, which will be very helpful for upcoming theory of algebraic structure. The ideal of 

fuzzy set to the characterizations of LA-rings are captivating a great attention of algebraist. 
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The aim of this paper is to investigate, the study of (regular, intra-regular) LA-rings by using 

of fuzzy left (right, interior, quasi-, bi-, generalized bi-) ideals. 
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